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Abstract 

The Alperin-McKay conjecture relates irreducible characters of a block of an arbitrary 
finite group to those of its p-local subgroups. A refinement of this conjecture was stated 
by the author in a previous paper. We prove that this refinement holds for all blocks 
of symmetric groups. Along the way we identify a "canonical" isometry between the 
principal block of S pw and that of S p lS w . We also prove a general theorem on expressing 
virtual characters of wreath products in terms of certain induced characters. Much of the 
paper generalises character-theoretic results on blocks of symmetric groups with abelian 
defect and related wreath products to the case of arbitrary defect. 

1 Introduction 

1.1 A refinement of the Alperin— McKay conjecture 

Let G be a finite group and p be a prime. If b is a p-block of G, denote by Irro(G, b) the set of 
ordinary irreducible characters of G of height belonging to b (cf. Section [3]). Let P be a defect 
group of b and H be a subgroup of G containing Ng{P). Let the p-block c of H be the Brauer 
correspondent of b. The Alperin-McKay conjecture, which is one of the most important open 
problems in representation theory of finite groups, asserts that | Irro(G, b)\ = | Ittq(Ng(P), c)| 
(see e.g. pQ). A property (IRC) that refines this conjecture is stated in [12]. This property 
holds in many cases but fails for some finite groups; however, a somewhat weaker property is 
conjectured in [12] to hold in all cases. 

In the case when G is a symmetric group S m and H = Nq(P), the Alperin-McKay 
conjecture was proved by Olsson [26]. Moreover, Fong [15] showed that a refinement of that 
conjecture due to Isaacs and Navarro [18J (which is implied by (IRC)) also holds in this 
situation. The main aim of this paper is to show that the property (IRC) is true in this case 
as well, thus strengthening the results of Olsson and Fong. 

It is convenient to work with the "blockwise" version (IRC-B1) of (IRC), which we now 
recall (for an arbitrary G). Define S(G,P,H) to be the set of all subgroups of P which are 
contained in a subgroup of the form 9 P n P for some g E G — H. We write C(G) for the 
abelian group Z[Irr(G)] of all virtual characters of G. A set S of subgroups of P is said to be 
downwards closed if for every Q E S and T < Q we have T E S. 

Definition 1.1. Let S be a downwards closed set of subgroups of P. Then I(G,P,S) is the 
subgroup of C(G) generated by all virtual characters of the form Ind L <f> where 4> E C(L) and 
L < G satisfies 
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(i) LD P is a Sylow p-subgroup of L; 

(ii) LDP eS. 

The map Projp : C(H) — > C(H) is defined on irreducible characters x OI * H by 

I X if -P contains a defect group of the block containing Xi 
Projp(x) = < 

10 otherwise, 

and is extended linearly to the whole of C(H). If P is a Sylow p-subgroup of H then Projp 
is simply the identity map. 

Let S = S{G,P,H), Z G = 1(G,P,S) and 1 H = 1{H,P,S). By Theorem 2.6 and Propo- 
sition 2.11 of [12], there is a canonical isomorphism 

Z[Irr(G, b)] _ Z[lvr(H,c)] 
Z[Irr(G,&)] nI G ~ Z[Irr(#,c)] nl/j' 

This isomorphism is given by the map Projp Resp, while its inverse is induced by the 
map Indp composed with the standard identification between (Z[Irr(G, b)] + Zg)/Tg and 
Z[Irr(G, 6)]/(Z[Irr(G, b)] C\Tg)- We may then ask whether a bijection between Irro(G, b) and 
Irro(-ff, c) can be chosen to be compatible with this natural isomorphism. If S\ and S2 are sub- 
sets of some abelian groups, we say that a map F: ±fii — > ±^2 is signed if F(— x) = —F(x) 
for all x G jSi- 

Definition 1.2 ([121 Section 2]). lei G, P, 6, c be as above and S = S(G,P,H). We say 
that the quadruple (G,b, P, H) satisfies the property (IRC'-Bl) if there exists a signed bijection 
F: ±Irr (G, b) — s- ±Irr (U, c) such that 

F(x) = Projp Resg x mod 1(H, P,S) for all X € ±Irr (G, b). 

Theorem 1.3. Let b be a p-block of a symmetric group S m and P be a defect group of b. 
Then (IRC-Bl) holds for the quadruple (S m ,b, P, Ns m (P)). 

Most of the paper is devoted to a proof of Theorem 11.31 
1.2 A simpler statement 

An important part of the proof may be represented by the following less technical result, 
which may be of independent interest. If h is an element of a finite group, let h p be the p-part 
of h. Let w be any positive integer. Consider the wreath product S p I S w as a subgroup of 
S pw in the obvious way. Define 

W = {he S p lS w \ C Spw (h p ) < S p 1 S w }. 

Theorem 1.4. Let bo and cq be the principal p-blocks of S pw and S p I S w respectively. Then 
there exists a unique signed bijection F: ±lrr(S pw , bo) ±lxx(S p lS w , cq) such that F(x)(h) = 
x(h) for all h S W. Moreover, F preserves heights of characters. 
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In fact, F is one of a family of signed bijections constructed by Rouquier j27J §2.3]. 

Returning to the notation of Theorem 11.31 let w be the weight of the block b (cf. §2.2j) 
and e = m — pw. Then P may be taken to be a Sylow p-subg roup of Sp I S w ^ ^pw-i and 
H = (S p l S w ) x S e may be viewed as a subgroup of S pw x S e and hence of S m . 

One of the most important steps in the proof of Theorem ll.3l is to show that (IRC-B1) holds 
for the quadruple (S m ,b, H, P). In the case when e = 0, this turns out to be a consequence 
of Theorem 11.41 (together with some other results of Sections [3HI|). If e > 0, the existence 
part of an analogue of Theorem 11.41 still holds (cf. Theorem 13. 7p and still leads to a proof of 
(IRC-B1) for (S m ,b, H, P), but the uniqueness part is no longer true. 

Remark 1.5. Fix a p-element x of S p I S w such that C = Cs pw (x) < S p I S w . Then the 
condition in Theorem 11.41 that F(x)(h) = h for all h G S p I S w such that h p = x may be 
expressed by the following commutative diagram: 

± Itt(S pw , b ) ± Irr(5 p I S w , c ) 



CF(C) ^=^— CF(C) 

Here CF(C) is the set of class functions on C, and d x is the generalised decomposition map 
defined by 



x(xz) if z is p-regular, 
otherwise. 



This is an instance of the isotypy condition due to Broue (see e.g. [U Definition 4.6]), which is 
usually considered in cases where P is abelian. Here we have added an extra requirement that 
the bottom map of the diagram be the identity one, and as a result only one of p\ isotypics 
constructed by Rouquier |27] (when w < p) satisfies the requirements of Theorem 11.41 

Remark 1.6. For each h G W, the second orthogonality relations for characters of S pw and 
S p I S w yield 

E \x(h)\ 2 = \c Spw (h)\ = \c SplSw (h)\ = £ \m\ 2 - (i-i) 

XeIrr(S pul ) <t>£lrr(S p lSu,) 

Thus, Theorem 11.41 savs that, at least for characters lying in the principal blocks of S pw and 
S p l S w , we have not only an equality between the sums on the two sides of (jl.ip . but also a 
bijective correspondence between the summands such that the corresponding summands are 
equal. Moreover, this correspondence works simultaneously for all h 6 W. 

Due to all these observations, it seems reasonable to suggest that the map F of Theorem ll.4l 
yields a natural isometry between Z[lrr(Sp W , bo)} and Z[Irr(S , p I S w ,co)]. The uniqueness part 
of that theorem is noteworthy: when G is an arbitrary finite group, it is usually impossible 
to distinguish a particular signed bijection between ±Irr(G, b) and ±Irr(i7, c) among other 
such bijections. Thus, it seems worthwhile to investigate the isometry F in more detail: see 
§1.31 and Section [7J 
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1.3 Outline of the paper 

In Section [2] we fix notation and establish some standard results or easy consequences thereof, 
in particular, concerning class functions on wreath products. Sections [3HS] are devoted to 
a proof of Theorem 11.31 In Section [3] we prove the existence part of Theorem 11.41 Indeed, 
Theorem 13.71 gives a more precise and general statement. (Uniqueness in Theorem 11.41 is 
proved in Section [BJ) 

In §4.11 we prove a general result on expressing virtual characters of wreath products in 
terms of certain induced characters (Theorem 14. 8p , which in some sense is a generalisation of 
a case of Brauer's induction theorem (see Example I4.10p . This result may be of independent 
interest. Using it and the results of Section[3l we show in §4.2l that the quadruple (S m , b, P, (S p l 
S w ) x S e ) (cf. Theorem El satisfies (IRC-B1). 

In Section [5] we construct an appropriate signed bijection between ±1vvq(S p I S w ,cq) and 
± Irro(Ns piij (P))- Composing it with a signed bijection from ± Irro(5 m , b) to ± lvvo(S p lS w , cq) 
obtained in Section [3] allows us to complete the proof of Theorem 11.31 Along the way, in §5.11 
we refine a general result due to Marcus [23] on construction of double complexes that give 
derived equivalences between blocks of wreath products. We remark that many of the results 
of Sections HHS are easy or known when w < p, but the general case appears to require much 
more technical arguments. 

If w < p, then P is abelian and the bijection F of Theorem II .41 induces a perfect isometry 
in the sense of Broue (J! , due to [27] . It is not known how one should generalise the perfectness 
property to blocks with non-abelian defect groups. Due to the uniqueness of the isometry 
F in Theorem 11.41 it appears to be plausible that F should satisfy whatever conditions one 
may wish to impose to generalise perfectness. This motivates a more detailed study of the 
properties of F, which we perform in Section [7l In §7.11 we develop a modified version of 
modular character theory for groups of the form L\S W when w > p: roughly speaking, instead 
of looking at the set of p-regular elements, as one does in the theory of Brauer characters, 
we consider a somewhat larger subset of L I S w . After specialising to L = S p , this leads to 
a modification of some of the conditions required for an isometry to be perfect. In §7.21 we 
show that F satisfies these adjusted conditions for all w. 

Remark 1.7. A generalisation of the perfectness property to the non-abelian case has been 
proposed by Narasaki and Uno [24J. However, it does not appear to be directly relevant to 
the situation of Theorem 11.41 because the condition on control of fusion (see |24^ Definition 
25]) is not satisfied in that case. Indeed, specialising to w = p = 2 in Theorem 11.41 one can 
check that there is no isometry between the principal blocks of S4 and D$ satisfying condition 
(RP1) of [211 Definition 20] (with Q=[P,P}). 

Acknowledgment. The author is grateful to Joe Chuang for several helpful discussions. 

2 Notation and preliminary results 
2.1 General notation and conventions 

We fix some notation, which is mostly standard. Throughout this subsection, we assume that 
p is a fixed prime, G is a finite group, and R an arbitrary unital commutative ring. 
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Integers. We write N for the set of positive integers and Z>q for that of nonnegative integers. 
If i,j G Z, we write [i, j] = {I G Z | i < I < j}. The p-adic valuation of an integer n is denoted 
by v p (n). 

Groups. If g G G, we denote by g p and g p i the p-part and the p'-part of g respectively. We 
write G p i = {g £ G \ g p i = g}. The trivial group will be denoted by 1. The set of Sylow 
p-subgroups of G is SyL(G). If G acts on a set X, we will denote the stabiliser in G of an 
element x G X by G x or Stab(;(x). By *4.(G) we denote the set of all subgroups of G. 

Rings. We assume that (K, O, k) is a fixed p-modular system with the usual properties. 
That is, O is a discrete valuation ring with field of fractions K which has characteristic and 
is "large enough", i.e. is a splitting field for all finite groups in question; and the quotient k 
of O by its maximal ideal is an algebraically closed field of characteristic p. 

Class functions. In general, CF(G; R) is the ring of -R-valued functions on G that are 
constant on conjugacy classes. However, unless otherwise specified, we assume class functions 
to be -fT-valued. In particular, Irr(G) denotes the set of irreducible characters of G with values 
in K. The trivial character of G is denoted by Iq- We write C{G) = Z[Irr(G)]. The set of 
X G Irr(G) such that p does not divide is denoted by Irr„/(G). The inner product of 
two class functions £ and 6 is denoted by (£,#). Whenever the context does not specify a 
particular prime p, this prime may be chosen arbitrarily: in such situations (e.g. in Section [3]), 
one may as well assume that K is replaced by C. 

Suppose that N is a normal subgroup of G and G Irr(iV). We denote by Irr(G|0) the 
set of x G Irr(G?) such that is a summand of Res^ x an d write C(G\(f>) = Z[Irr(G|<^)]. If 
C G CF (G;K), define 

X eIrr(G|0) 

Further, if £ G CF(G/N; K), then Infg /JV £ is the inflation of £ to G. It is defined by 

Blocks. If / G Z{KG) is an idempotent, we define the projection map Projj: CF{G]K) — > 
CF{G; K) by Proj / (^)(g) = £{gf) for g G G and £ G CF(G; K). The image of Proj / is denoted 
byCF(G,/;iO (as in 

By a p-block we mean a primitive idempotent 6 of Z(OG). As usual, we write Irr(G, b) = 
Irr(Gr) flCF(G, b; K): this is the set of irreducible characters belonging to b. Further, C(G, b) = 
Z[Irr(G,6)]. The set of all blocks of G will be denoted by B1(G). 

Modules. Modules are assumed to be left ones unless we specify otherwise. All 0G-modules 
are assumed to be O-free of finite rank. 

Products. If f G CF(G;K) and 9 G CF(H;K), we write £ x # G CF(G x H;K) for the 
Kronecker product of £ and 6, defined by (x x 0)(<7> h) = x(g)9(,h). We will write n[=i a i = 
a\ X ■ ■ ■ X a r and a xr = Y\l=i o, = a x • • • x a for any objects a,a±, . . . ,a r for which the products 
on the right-hand sides make sense. Similarly, a® r = a <8> • • • <8> a (r multiples) whenever the 
last tensor product is defined. 

If w\, . . . , w r G Z>o and w > w\ + • • • + w r , then YYi=i will be viewed as a Young 
subgroup of S w , so that the factor S Wi is the subgroup of S w consisting of all the elements 
that fix all points in [1, w] —I{ where Ii is a subset of [1, w] of size Wi and Ji, . . . , I r are disjoint. 
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Partitions. A partition is a finite non-increasing sequence of positive integers. The set of all 
partitions will be denoted by V and the empty partition by 0. Suppose that A = (Ai, . . . , A r ) 
and p = (p\, . . . , p s ) are partitions. We will write |A| = Ai + . . . + X r (the size of A) and 
Z(A) = r (the length of A). The conjugate partition of A is denoted by A'. By AU/jwe mean 
the partition obtained by ordering the sequence (Ai, . . . , A r , pi, . . . , p s ) in the non- increasing 
order. The set of all partitions of size n will be denoted by V{n). If m € N, we define 
mX = (mAi, . . . ,m\ r ). We write (m d ) for the partition (m, ... ,m) (d parts). If I C N is 
finite and d{ E N for each i € I, denote by (i di )i^i the partition Uj e /(i di ). 

We say that A contains p and write A D p if s < r and pi < Aj for all i € [1, s]. In this 
case, A and p define a skew partition, denoted by X/p, and we write |A/p| = |A| — \p\. Each 
partition A will be identified with the skew partition A/0. 

2.2 Characters of symmetric groups and abacuses 

We introduce notation and recall certain well-known facts on characters of symmetric groups 
and related combinatorics. The details may be found e.g. in |19j . 

To each skew partition X/p of size m one attaches a character °f S m in a standard 
way (see [191 §2-3]). If p = (the empty partition), this character is irreducible, and in fact 
lTr(S m ) = {x X I A € V(m)}. 

Let p € N and let iV be a fixed integer divisible by p such that N — p is greater than 
the number of parts in every partition considered. Let X £ V. We will denote by /3(A,p) 
the p-abacus with N beads representing A: see |19t §2.7]. By convention, the runners are 
numbered 0, 1, ... ,p — 1 from left to right, and slots on each runner by 0, 1, 2, . . . from the 
top down. We say that the slots in column % and row r represents the number rp + i. Note 
that, by the choice of N, each runner of /3(A,p) contains at least one bead. If A,/x € V, we 
will write A D p \i if /3(/i,p) can be obtained from f3(X,p) by moving beads one step up (to a 
free space) several times (or, equivalently, if can be obtained from A by removing several 
rim p-hooks). 

A partition p is a p-core if there is no partition n such that p/n is a rim p-hook. Equiv- 
alently, p is a p-core if and only if within each runner of f3(p,p) there are no gaps between 
beads. The p-core of a partition X is the partition p such that /3(p,p) is obtained from f3(X,p) 
by moving all the beads up along each runner as far as possible. By (A(0), . . . , X(p — 1)) we 
denote the p-quotient of A, which is defined as follows: X(i) is the unique partition whose 
1-abacus is column % of /3(X,p) (up to adding a number of beads to the top of the column). 

Theorem 2.1 (See [191 Theorem 2.7.30]). Let p be a p-core. Then X i-> (A(0), ...,X(p- 1)) 
is a bijection from the set of partitions with p-core p onto V xp . 

By a famous result (known as Nakayama's Conjecture), if p is a prime, then the p-blocks 
of a symmetric group S m are in a bijective correspondence with the p-core partitions p such 
that p is the p-core of at least one element of V(m). The weight of such a block is the integer 
w such that m = \p\ +pw. 

Suppose that A and p are partitions such that A D p p. In the natural numbering of A, 
the beads of /3(A,p) are marked with numbers 1,...,N in the increasing order of numbers 
represented by the slots occupied by those beads. If we start with this numbering and move 
the beads of /3(A,p) along the runners one step up at a time (keeping the numbers) in such 
a way that we eventually get {3(p,p), then we obtain a numbering of /3(p,p). The p-sign of 
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A///, denoted by e p (\/n), is defined as the sign of the permutation mapping this numbering 
of j3(ij,,p) to the natural numbering of (3(/j,,p) (see [19j 2.7.18-2.7.26]). 

2.3 Wreath products 

Let L be a fixed finite group and to£N. Following |19t §4.1], we represent elements of the 
wreath product L I S w in the form (xi, . . . ,x w ;a) (x{ G L, a G 5^,) where multiplication is 
given by 

(xi, . . .,x w ;a)(yi, ...,y w ;r) = (xty^-i^,.. . , x w y a -i {w y, err). 

By convention, both So and L ! So will be identified with the trivial group. If A < L and 
B < S w , then ^4 I B is viewed as a subgroup of L i S w in the obvious way; in particular, B 
becomes a subgroup of L I S w after it is identified with 1 1 B. 

Let us view S w as the group of all permutations of the set [l,u>]. We define a marked 
cycle in S w as either a non-identity cyclic permutation a £ S w or an element of [1, w]. The 
product o\ ■ ■ ■ o r G of several marked cycles is defined in the usual way after all multiples 
(Tj which are elements of [l,w] are replaced with the identity element of S w . We define the 
support supp(er) of a marked cycle a as follows: if a is a non-identity cycle, then supp(a) is 
the set of points in [l,w] moved by a; if a = j G [l,w], then supp(<r) = {j}. The order of 
a marked cycle a is defined by o(<r) = |supp(<r)|. Less formally, a marked cycle is either a 
non-identity cycle or the identity element with an assigned singleton support set. 

The above definition ensures that every element a E S w decomposes as a product a = 
o\ ■ ■ ■ a r where a±,...,a r are marked cycles in S w and [1, w] = Lij supp(cTj). Moreover, this 
decomposition is unique up to permutation of factors. The tuple (o(a%), . . . , o(s r )) (in an 
arbitrary order) is said to be the cycle structure of a. 

Let o~ be a marked cycle in S w and i be the smallest element of supp(cr). For ifiwe 
define 

y a (x) = (1, . . . , l,x, 1, . . . , 1; a) G L I S w 

where x occurs in the i-th. position. The following lemma is standard and easy to prove. 

Lemma 2.2. Suppose that L = S n for some n G N. Let a G S w have cycle structure 
(iii • • • i j/)- If x G S n is an n-cycle, then the cycle structure ofy a {x), viewed as an element 
of S nw via the natural inclusion S n l S w < S nw , is (njx, . . . , nji). 

We describe the conjugacy classes of LlS w . The proofs may be found e.g. in [19l §4.2]. Let 
a G S w and consider the decomposition a = o\ ■ ■ ■ o r of a into marked cycles with orders sum- 
ming to w. Then, for any xi, . . . ,x w G L, there exist z\, . . . , z r G L such that (x±, . . . , x w ; a) 
is (L I S t0 )-conjugate to y ai {z\) ■ ■ ■ y ar (z r ). Moreover, two elements y ai (zi) ■ ■ ■ y ar {z r ) and 
Vcn{ z i) ' ' ' UcTi( z r) are I S^)-conjugate if and only if there exists a permutation r of [l,r] 
such that o(a T j) = o(<jj) and Zj is L-conjugate to z' T j for every j G [1, r]. 

We now construct some class functions on L\S W and, in particular, describe Itt{LiS w ). If 
R is any unital commutative ring and M is an TZL-module, then M® w has an R(L lS w )-module 
structure given by the action 

(xi, . . . ,x w ;a)(vi ®--<8v w ) = x 1 v a ^i 1 ® • • • ® x w v a -i w 

(see [19J, Eq. 4.3.7). This R(L I S^)-module will be denoted by M® w . Let <j> be a character of 
L, and let M be a -fCL-module affording it. We write <j) xw for the character of L I S w afforded 
by M® w . The values of this character are given by the following lemma. 
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Lemma 2.3 ( |19l Lemma 4.3.9]). Let G\ : ■ ■ ■ ,a r be disjoint marked cycles in S w with orders 
summing to w. For any x\, . . . , x r G L we have 

<j>* w {y ai (x 1 )---y„ r {x r )) = <t>{x 1 )---<j>(x r ). (2.1) 

For an arbitrary class function <j) on L, the formula (|2.ip defines a class function on 
L I S w , which will also be denoted by (j> xw . Let Tup w (L) be the set of tuples of the form 
© = ((01, Xi),- • • , (0s, Xs)) such that 

(i) 4>i G CF(L; K) for each i; 

(ii) Xi ^ C(S Wi ) for each z, where w\ , . . . , w s G Z>o and w\ + • • • + w s = w. 
For such a tuple G Tup w (L) define a class function (e on L i S w by 

Ce = Ind£^ (2.2) 

i=i 

Suppose that <&: Irr(L) — > V is a map satisfying ^0eirr(L) 1^(0)1 = w - Define the charac- 
ter of L I S w by setting Q§ = Qq where 

6 = ((0,X* W ) I0GML)). 

For any finite set X we define PMap U) (X) to be the set of maps X — > "P such that 
Eoexl*( a )l = 

Theorem 2.4 ([191 Theorem 4.3.34]). TTie map $ (->■ is a bijection from PMap^(Irr(L)) 
onto Irr(L I S w ). 

We will use the following lemmas concerning class functions on wreath products. 
Lemma 2.5. Let 0i,02 G CF(L; K) and a\,a2 G K. Then 

w _ 

( O1 X + a 2 2 )^ = E a i a 2~ J Hl%MLis w - J )(ii J >< 02 M )- (2-3) 

3=0 

Proof. Consider an element g = y ai (x{) ■ ■ ■ y ar {x r ) G L I S w , where a%, ... ,oy are disjoint 
marked cycles in S w with orders summing to w and x±, . . . ,x r G L. Let T be the set of all 
maps /: [l,r] — > {1,2}. For each / G T let j(f) = X^ie/- 1 (i) °( <T «)- Then for j G [0, to] the 
left (<Sj x 5 w _j)-cosets in S w are parameterised by the set of / G T such that _?'(/) = j. By 
Eq. ()2.ip and the definition of induced class function, the value of the right-hand side of (|2.3j) 
on g is 

r 

Y,a\ u) a w 2 ' Kf) n 01^) n 2 (^)=n(«i0i(^)+«20 2 (^)) 

/ejp ie/-!(i) ie/~ 1 (2) *=i 

= (^01+^02)^(5). 

The result follows. □ 
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Lemma 2.6. For every G C(L) we /iai>e </> xtu G C(L ? S^). 

Proof. We argue by induction on w. Let </>i and </>2 be characters of L (i.e. linear combinations 
of Irr(L) with nonnegative integer coefficients) such that <f) = <j>i — fa. Lemma 12.51 gives an 
expansion for the class function of <p xw = (0i — fa) xw . By the inductive hypothesis, the 
summands of this expansion (I2.3P for j G [l,w — 1] all lie in C(L I S w ). The other two 
summands are <j)^ w and (— l) w 4>2 W 1 which also lie in C(L I S w ) (by Lemma |2.3() . □ 

Lemma 2.7. Let U be a subgroup of L. Let M be an RU -module, where R is any unital 
commutative ring. Then 

Ind^M § -~ (indfjMf™. 

Proof. Let T be a set of representatives of left [7-cosets in L. Then T xw is a set of representa- 
tives of left U I S w -cosets in L \ S w , as one can readily check. Therefore, we have the following 
equality of free R- modules: 

Ind%f w M® w = (g) (*!,..., ^jlJoM®". 

ti,...,t w £T 

It is easy to see that the i?-linear extension of the map 

(ii, . . . , t w ; 1) ® (mi <g> • • • (8) m w ) h4 (ti g) mi) <g) • • • ® (t w ® m^), G T, m ; G M, 

is an isomorphism from Ind^g™ M® w onto (ind// M) . □ 
Lemma 2.8. Let b be a block of L with positive defect. Then b® w is a block of L I S w . 

Proof. Let D be a defect group of b, so that D xw is a defect group of b® w as a block of 
L xw . Since D ^ 1, it is easy to see that C L ^(L» XW ) < L xu \ By Theorem (61.2)(iv)], 
this implies that L I S w has only one block covering b® w , which means precisely that b® w is a 
primitive idempotent of Z(0(L I S w )). □ 



3 A signed bijection between characters of a symmetric group 
and a wreath product 

Fix p G N and w, e G Z>o- Note that here and in some other parts of the paper we do not 
assume that p is prime, as the arguments are purely combinatorial. 

Consider S pw + e , the group of permutations of the set [l,pw + e\. Let us view Sp I S w as 
the subgroup consisting of the permutations fix the elements pw + 1, . . . ,pw + e and stabilise 
the family 

{[l,p], \p + 1, 2p], . . . , [{w - l)p + l,wp]} (3.1) 

of subsets of [l,pu;]. Also, (S p lS w ) x S e may be viewed as a subgroup of S pw x S e , and hence 
of Sp W -\- e . 

We define the p-type tp p (g) (respectively tpp T (g)) of an element of S pw+e (respectively, 
S p I S w ), as follows (cf. [27, Section 2]). Suppose that g G S pw+e , and let . . . ,i r ) be the 
cycle type of g. Then tp p (g) is the partition consisting of the numbers ii/p where I runs over 
the indices in [1, r] such that p \ i\. Now suppose that h G S p l S w , and let y ai (x\) ■ ■ ■ y ar (x r ) 
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be an S p I ^-conjugate of h where a±, . . . , a r are disjoint marked cycles with orders summing 
to w. Then we set tpp r (/i) to be the partition consisting of the numbers 0(07) where I runs 
over the indices in [1, r] such that xi is a p-cycle. We remark that for h G S p I S w we have 
tpp r (/i) = tp p (h) when w < p (by Lemma \2~2\i . but this is not the case in general. 
For s G Z define a subset U s of S p I S w as follows: 

U s = {heS p lS w \ \ tp™(h)\ > s}. (3.2) 

The following lemma is not required for the proof of Theorem 11.31 it is needed only to 
derive Theorem 11.41 from the more precise Theorem 13.71 below. 

Lemma 3.1. Assume that p is a prime. Let W = {g € S p l S w \ Cs pw+e (g P ) < (S p I S w ) x S e } 
(cf. gZJP - lfe = 0, then W = U w ^. Ife>0, then W = U W . 

Proof. Let g G S p I S w . Replacing g with an S p I 5„,-conjugate, we may assume that g = 
Umixi) • • • Va r {x T ) where a\, . . . , a r are disjoint marked cycles. Moreover, we may assume that 
all elements Xi that are p-cycles are equal to a fixed p-cycle u. Let Zi = (xi) p for each i G [1, r], 
so that each Z{ is either 1 or u. Let h = y ai (zi) ■ ■ ■ y ar (z r ), and observe that h p = g p . Without 
loss of generality, we have h = y ai (n) • • • y as (u)y Tl (1) • • • y Tt (1) where <ti, . . . , <r s , n, . . . , tj are 
disjoint marked cycles with orders summing to w. 

First, suppose that g G U w , so that t = 0. It is easy to see that h p is S p l ^-conjugate to an 
element of the form y vi (u) ■ ■ ■ y Vm (u) where fi, ... ,v m are disjoint marked cycles of p-power 
order with J2i°( v i) = w - Due to Lemma [272l one deduces that every element of Cs pw+e (h p ) 
centralises the element 

ai = j [ y Vi (u) for each / > 0, 

ie[i,m] 

o{vi)=p l 

and therefore centralises \\ l of = (u, . . . , u; 1) G S p l S w . But 

C Spw+e ((u, ■ ■ ■ , u; 1)) = {C p I S w ) xS e < (S p I S w ) x S e , 

whence Cs pw+e (h p ) < (S p I S w ) x S e . Therefore, g G W. 

Now suppose that g G U w -\ — U w and e = 0. Then t = 1 and o(ti) = 1. We may 
assume that t\ = w (as a marked cycle). By an argument similar to that of the preceding 
paragraph, we see that Cs pw {h p ) must centralise (u,u,..., u, 1; 1), and therefore Cs pw (g p ) < 
(Cp ? S w ~ 1) x S p < S p l S w . Hence, g G W in this case too. 

Conversely, suppose that 5 ^ U w -8 e0 - Then one of the following holds (after reordering 
T\ , . . . , Tt if necessary) : 

(i) o(ri) > 1; 

(ii) t > 2 and o(n) = o(r 2 ) = 1; 

(in) t = 1, o(ti) = 1, and e > 0. 

In case (0) , let X\ , . . . , X ( T1 ) be the sets of the family (13. lj) that correspond to supp(-ri), 
ordered so that X-i is sent to Xi + \ by y T1 {\). Let ji, ■ ■ ■ ,j ( T1 ) be the smallest elements 
of Xi, . . . ,X Q ( T1 \ respectively. Then the decomposition of y T (l) into a product of disjoint 
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cycles ( as an element of Sp W j re ) includes the cycle {j\ , . . . , j r T1 ) ) , which therefore belongs to 
Cs pw+e (g P ) but does not lie in (S p I S w ) x S e . Hence, g £ W. 

In case ([n|), let X and Y be the sets from the family (|3. 1 j) corresponding to T\ and T2 
respectively, and let j and I be the smallest elements of X and Y. Then g p = h p fixes both j 
and I, so the transposition (jl) centralises g p but does not lie in (S p I S w ) x S e . Hence, g £ W. 

In case (fm|) . we may assume that T\ corresponds to the set \p(w — 1) + l,pw], whence 
g p = h p fixes pw and therefore is centralised by the transposition (pw,pw + 1) G S pw+e , which 
does not belong to (S p I S w ) x S e . Hence, g £ W. □ 

For each s G Z we define 

K a = G C(S P l S w ) I £(h) = for all h G U s ). (3.3) 

Let p be a fixed p-cove partition of e. Denote by lrr(S pw+e , p) the set of all x X £ Irr(<S , jn «+e) 
such that p is the p-core of A. Note that if p is a prime then this is precisely the set of irreducible 
characters belonging to the block corresponding to p (see e.g. [19, Statement 6.1.21].) Also, 
let C(S pw+e ,p) = Z\Lci(S pw+e , p)]. 

Remark 3.2. A theory of generalised p-blocks of symmetric groups, where p is not necessarily 
a prime, is developed in [20 . 



Definition 3.3. The subset Irr pr i(S p I S w ) of lrr(S p I S w ) is defined as follows: if $ £ 
PMap u ,(Irr(S'p)), then E C pr i(S p I S w ) if and only if &(x X ) = for every A € V(p) that is 
not a hook partition. We write C pr i(S p I S w ) = Z[Irr pr i(S , p I S w )]. 

Remark 3.4. If p is a prime, then Iir pT i(S p I S w ) is the set of irreducible characters that lie 
in the principal block of S p I S w (by Lemma I2.8P . 

For any map ^ : [0,p — 1] — > V define : In(S p ) —¥ V by 

A^( X K ) = if « = (P - *, 1*). i€[Q,p- 1], 

I if k is not a hook partition. 

It follows from Definition 13.31 that 

lrr pri (S p I S w ) = {Ca* I * G PMap w ([0,p- 1])}. 

For each i G [Q,p — 1] let 6j be the number of beads on runner i of the abacus f3(p,p), and 
let Si = p(bi — 1) + i, so that Sj is the number represented by the bottom bead on runnner i. 
(Since p is a p-core, the beads on each runner i occupy the top 6j positions of that runner.) 
For i G [0,p - 1] let 

7p(0 = 10' € [0,p- 1] I Sj < Si }\. 

This defines a bijection 7 = 7p : [0,p — 1] — > [0,p — 1], which rearranges the runners according 
to the number of beads in them, in increasing order. Recall that (A(0), . . . , \(p — 1)) is 
the p-quotient of A G V (see §2.2p . Let A be a partition with p-core p. Define a map 
tf p (A): [0,p-l] ^Vhy 



Mm) = r 7 ~y~ l ~ 1)] ifziseven ' (3.4) 

I ^ (7 (p — — 1))' if i is odd 
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and a sign e^(A) by 



e (p)(A) = e p {X/p) YL (_1)W7 (p-*-i))l. (3.5) 
ie[o,p-l] 

j odd 

Define a signed map F PtWiP : ± lii(S pw+e , p) — > ± Irr pr i(S , p ? 5 W ) by setting 

iWx A ) = e (p) (A)CA* p (A) (3-6) 
and Fp iWiP (-x A ) = -F( X X ) for all x A G lTi{S pw+e , p). 

Remark 3.5. The map F pw>p is one of a family of maps constructed in \27\ §2.3], where 
instead of the bijection i h-> 7 _1 (p — i — 1) one is allowed to use any permutation of [0,p — 
1]. Conjugating partitions labelled by odd i (cf. (13.41) ) takes place also in a combinatorial 
description [TJ Proposition 4.4] of the Morita equivalence [5] between between the principal 
block of S p I S w and a RoCK block of S pw + e when uu < p and p is prime, both for ordinary and 
modular irreducible characters. Further, if p is prime and a is another p-core, then F~^ a F P!WjP 
yields an isometry between the two blocks of symmetric groups of weight w corresponding to 
p and a, which is one of the perfect isometries constructed by Enguehard 

For each m € Z>o let tt p = : C(S pm x S e ) — > C(S pm ) be the homomorphism obtained 
by extending Z-linearly the following map defined on the set of irreducible characters x X x X° 
of S pm x S e '. 

~ , A v u \ jx X if <r = p, „s 
10 if cr 7^ p. 

Definition 3.6. Lei p fee ap-core. We say that p is circularly non-decreasing (with respect to 
p) if there is j € [0,p— 1] such that J p (i) = i — j for all i € [0, p — 1], where i— j is understood 
modulo p. In this case we say that j is the starting point of p. 

Theorem 3.7. Let pGN and w, e G %>o- Let p be a p-core partition of e. Then F pW}P is a 
signed bijection between ± ln(S pw+e , p) and ±Irr pr ;(5p I S w ) that satisfies 

F P , w ,p{x) = Res 5 J Su; 7T P Res 5 ^+ e 5e % mod K w Vx G ± Irr(5 pw+e , p). (3.8) 

Moreover, if p is circularly non- decreasing, then 

F p , w ,p(x) = Re 4 P Js w ^P Res sZ + ^s e X mod JCu-i Vx G ± lir(S pw+e , p). (3.9) 

Remark 3.8. The core p is circularly non-decreasing with starting point j if and only if 
either j = and bo < ■ ■ ■ < b p ^\ or j > and &•/<•••< 6 p -i < &o < ^i < • • • < I n 
particular, both the empty partition and the core corresponding to a RoCK block (as defined 
in the beginning of [5, Section 4]) are circularly non-decreasing with starting point 0. For 
the proof of Theorem 11.31 the congruence (|3.9p will be needed only when e = 0, the weaker 
congruence (13. 8f) sufficing in the other cases. 
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Proof of Theorem 3.1 . It follows from Theorem 12 . 1 1 and Definition l3.3l that F p>w p is a bijection. 



The result is clear for w = 0, so we assume that w > 1. The rest of the proof is based on a 
combinatorial argument due to Rouquier |27| establishing the commutativity of a part of the 
diagram (|3.10p below. First, we define the vertical maps of that diagram. 

Let m,n G Z> be arbitrary integers such that pm < n. Let a = (ai, . . . ,a r ) G V{m). 
The map cZ": C(S n ) — > CF(S n _ pm ; if) is defined as follows. Let 5 G be an element of 
cycle type pa. For every h G S n - pm , view 5/1 as an element of S n > S pm x S n - pm (so that 
5 and h have disjoint supports), and set {d^x){h) = x(<?^) f° r every \ 6 C(S n ). By [271 
Theoreme 2.6], the map is the same as the map defined in loc. cit. in terms of consecutive 
removing of rim hooks (where it is denoted by r a ). (The statement of the quoted theorem 
asserts only that both definitions lead to the same value of (d"x)(/i) for p-regular elements 
h G S n ~ pm . However, the proof, which is an application of the Murnaghan-Nakayama rule, 
works for p-singular elements h just as well.) The definition in |27| implies that the image of 
d° is contained in C(S n - pm ). 

From now on assume that m < w. The map 6 a \ Cp r [( K S p I S w *) — y CF(*Sp I S w — m \K^ is 
defined as follows. Let u G S p be a p-cycle. Let o\, . . . ,a r be disjoint marked cycles in S m 
of orders a±, . . . ,a r respectively, so that y ai (u) ■ ■ ■ y ar {u) is an element of S p I S m . For each 
z G S p l S w - m , consider the element (y ai (u) • • • Va r (u))z G (S p I S m ) x (S p I S w - m ) < S p lS w 
and set (5 a (p)(z) = 4>((y ai (u) ■ ■ ■y (Tr {u))z) for every <fi G C pT \{S p I S w ). As is proved in [27] 
Corollaire 2.10], this definition is equivalent to that given in loc. cit; moreover, the image of 
5 a is contained in C w \(S p I S w - m ). 

For each v G Z>o, we extend linearly the signed bijection F pv p to an isomorphism 
F p ,v,p'- C(S v ,p) — > C pr i(S p I S v ) of abelian groups. By [27, Theoreme 2.11], the right-hand 
square of the following diagram is commutative: 



ftp Resq p ™t e <? 



C(S pw ) •* C(S pw + e , p) ■ »- Cp V i(S p l S u 

d a rl a £a 

a pw s , a pw + e 

•' p IVca q „ O I 7-1 

p/q \ pjw-m.) e tp,w-m,p , 

L Wp(«i-m)i "* ^{'~ > p(w— m)+ei P) *" < --pril 1 <-'p ( ^w- 



(3.10) 



We claim that the left-hand square is commutative too. Let £ G C(S pw+e , p) and x G S p i w _ m y 
Let g G S pm be an element of cycle type pa. For each z G S e , view zxg as an element of 
Se x S'p(iu-m) x S pm < S pw+e . Then we have 

proving our claim. 

If m = i« or m = w - 1, then S p i w - m ) ls identified with 5 p ! S w - m in the obvious way. 
By definition (|3.3p of /C w , to check the congruence (|3.8j) one needs just to check that the two 
sides of (|3.8p take the same values on the elements of the form h = y ai (u) ■ ■ ■ y (Tr (u) where u 
is a p-cycle and a±, . . . , a r are disjoint marked cycles in S w with orders summing to w. By 
Lemma E2J the cycle type of such an element h is (po(oi), . . . ,po(a r )). It follows that (j3.8H 
holds if and only if 

d pw rr p Res s p x5e = 5 a F PtWtP (3-11) 
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for all a £ V(w). Similarly, the congruence (|3.9p is true if and only if (|3.1ip holds for all 
a £ V(w) UV(w - 1). 

Using the commutativity of the diagram f)3. 1Q|) for m = p and the fact that F p Q p = 

^"p ^ \c(S e ,p) (which is clear from the definitions), we see that (|3.1ip holds for a € V(w). 

Therefore, it remains to show only that (|3.1ip holds for all a £ V(w — 1) whenever p 
is circularly non-decreasing. In fact, due to the commutativity of the diagram (|3.10p for 
m = p — 1, it is enough to prove that F P) i tP = tt p Res 5 p ^ e 5e \c(s p+e ,p)- 

The following argument is similar to the proof of [5j Lemma 4(2)]. Let 

M = {v Dp p | \vjp\ = p}, 

so that Irr(S'p-|-e ) p) = {x u I v £ N}- Then M = . . . , v p ~ 1 } where v l is represented by the 
abacus with p runners obtained from f3(p,p) by moving the bottom bead on runner t one step 
down (for each t € [Q,p — 1]). 

Let j be the starting point of p, so that *yi = j — i for all i € [0,p — 1] (where j — i is 
interpreted modulo p). Let I 6 [0,p — 1] and si be the number represented by the bottom 
bead on runner I in f3(p,p). Then the bottom bead on runner / in (3{v\p) represents si + p. 
The hypothesis that p is circularly non-decreasing with starting point j implies that the part 
of f3(v l ,l) between positions s/ and s/ + p looks as follows: there are beads in positions 
si + 1, si + 2, . . . , si + (p — 7Z — 1) and no beads in positions si + (p — 7Z), . . . , si + p — 1 
(also, there is a bead in position si + p and no bead in position si). That is, the interval in 
f3(u l , 1) between si and s/ +p (inclusive) is exactly the abacus representing the hook partition 
(7/ + 1, ip - ^ -1 ). As one can easily see, this means that the skew diagram representing v l / p 
is a translate of the Young diagram of (7/ + 1, p-7'-l). Therefore, 



(The first equality is due to [IS Eq. 2.4.16].) By ([33D, %(v l )(p-'yl-l) = (1) and = 
for i / p — 7/ — 1. Hence, Ca* p (^) = x ( ' 7 ' +1 ' 1P 7 ' ^- Also, e p {v l / p) = (— 1)p~7'-i because 
there are precisely p — 7/ — 1 beads between s/ and s/ +p in /3(z^, 1). By (I3.5p . it follows that 
e^{y l ) = 1. Therefore, 

W/) = x W+1 ' 1P " 7i ~ 1) = ^Res|- 
which is what we require. □ 

Suppose now that p is a prime. Recall that the height ht(x) of a character x £ Irr(G, 6), 
where G is a finite group and b E B1(G), is defined by ht(x) = ^p(x(l)) — d where d is the 
defect of the block b. Using the following well-known lemma, we will show that the bijection of 
Theorem 13.71 preserves heights of characters. If u € Z>o, the p-adic expansion of u is defined 
as the unique expression u = YlJLo a jP J w hh < cij < p for all j. (All but finitely many 
terms of this sum are zero.) 



Lemma 3.9. Let p be a prime. Let w, u±, . . . , u r be nonnegative integers such that w 

Jj=0 ajp> and u { = }_^ j=0 b {j i 



u\ + - ■ -+u r . Let w = ^'jLo a jP' an d u i = YITLo bijP' be the p-adic expansions of w,u\, . . . ,u r . 



Then 



w \ 1 



ui, ... , u r J p — 1 



'•1 
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Proof. If v = Yl l C jLo c jP' i s a p-adic expansion, then v p {v\) = (v — J2j c j)/(P ~ 1) ( see EH 
Eq. (3.3)]). Applying this to all terms of 

w \ w\ 



U\, . . . , u r j u\ \ ■ ■ ■ u r \ 
we obtain the result. □ 

Proposition 3.10. With notation as in Theorem \ 'J. 7\ assume that p is prime. Then the 
bijection F = F PtWiP satisfies ht(F(x)) = ht(x) for all x € ^(S pw+e , p). 



Proof. Consider a character x A £ ^{S pw + e , p)- It follows from (|2.2p and (|3.6p that 



ht(F( X ))=v p (F(x)(l))=v p 



p- 1 

w 



|A(0)|,...,|A(p 



n ,)+EVx A(0 (l))- (3.12) 

1=0 



For any partition p and i > 0, let Ci(p) be the sum of the sizes of the partitions in the i-th 
row of the p-core tower of p (as defined in |26} Section 2] ) . It follows from the definition that 
for i > 

p-1 

Ci(A)= J>_i(A(l)). 

1=0 

Let Yll^o^P 1 ^ e ^ ne P- a dic expansion of w and Yl^Lo ^UP 1 be the p-adic expansion of |A(/)| 
for I = 0, . . .p — 1. By |261 Proposition (2.3)] we have 

/ oo oo \ 

^(X A(0 (1)) = — ry E C ^ A W) "X>« for a11 1 E !]i 

^ \i=0 i=0 J 



and, by [SUl Lemma (3.1)], 



-. / oo oo \ 

ht(x A ) = — 7j E C *( A ) " E a • (3 - 13) 



Combining the preceding three displayed equalities, we obtain 

/ \ 



p-i , 

ht( x A )-^^(x A(0 (i)) = ^ T 



. ie[o,p-i] i>o , 

\ i>0 I 



**(.WnM ".W ^1.(3.14) 



P V|A(0)|,...,|A(p-l)| 



where the second equality follows from Lemma 13.91 (We remark that this identity is seen 
more naturally as a step in an alternative proof of (|3.13p by induction than as a consequence 
of (13TT31) .) The result follows immediately from (pn~4"j) and (13TT21) . □ 

When e = 0, Eq. (13. 9h becomes 

^ P ,u>,0(x) = Res 4Ts w X mod JC^-i. 

Together with Lemma 13.11 and Proposition 13.101 this means that Theorem 11.41 has been 
proved, with the exception of the uniqueness statement. Moreover, these results together with 
Eq. (|3.8p show that an analogue of Theorem 11.41 without uniqueness, holds for e > 0. 
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4 On the span of certain induced characters 



Throughout this section, we assume that p is a prime. As in Section let w,e G Z>o and p 
be ap-core partition of e. Fix Q G Syl p (S w ), so that P = C p lQ is a Sylow p-subgroup of S pw , 
where C p is a fixed subgroup of order p in 5 p . Define <S e = S(S pw+e , P, (S p I S w ) x S e ) (see 
. Recall the subgroups K s C C{S p I S w ) defined by (|3.3j) . The main aim of this section is 
to prove the following result. 

Theorem 4.1. (i) We have C X(5 P ? S w , P, S Q ). 

(ii) If e > 0, then IC W C I(S P I S w ,P,S e ). 

Together with Theorem 13.71 and Proposition 13.10] this theorem immediately implies 

Corollary 4.2. Let b be ap-block of weight w of a symmetric group S pw + e and P be as above. 
Then the property (IRC-Bl) holds for the quadruple (S pw+e ,b, P, (S p I S w ) x S e ). 

The following corollary is not needed for the proof of Theorem 11.31 but makes Theo- 
rem 2J] more precise when w < p. Together with Corollary 16. 21 below (which is essentially the 
uniqueness part of Theorem 1 1.4|) . it shows, in particular, that the signed bijection witnessing 
(IRC-Bl) for e = in the previous corollary is unique for w < p. 

Corollary 4.3. Assume that w < p. We have T{S P I S w ,P,Sq) = K w -\. Also, if e > 0, then 
T(S p I S w , P, S e ) = KL U 



Proof. Let G = S pw+e and H = (S p I S w ) x S e . Since w < p, we have P = C p w . By 
Theorem 14. 1\ we have JC w ^s e0 C 1(S P I S w ,P,S e ). Conversely, let £ £ T{S P I S w ,P,S e ), and 
suppose for contradiction that £ ^ K- w -8 e0 , that is, £(/i) ^ for some h G S P I S w such that 
[tpp r (/i)| > w — 5 e Q. By Definition II .1| this implies that h £ L for some L < S p I S w such 
that L n P € SyL(L) n S e . Therefore, replacing h by an L-conjugate if necessary, we may 
assume that h p £ T for some subgroup T < P such that T G S e . Hence, h p G P (1 9 P for some 
geG-H. 

First, consider the case when e = 0. Since |tpp r (/i)| > w — 1, the cycle decomposition 
of Zip contains at least w — 1 p-cycles. Since h p G 9 P, this forces 9 P < (S p ) xw , whence 
p G N G {S p w ) = H, a contradiction. 

Now suppose that e > 0. Then [tpp r (/i)[ > so the cycle decomposition of /i p contains 
at least w p-cycles. This means that only one G-conjugate of P contains h p , whence g G 
Ng(P) < P, a contradiction. □ 



4.1 An induction theorem for wreath products 

Our first objective is to show that /Ci C I(S P I S w , Q, A(Q)). In this subsection we state and 
prove a more general result, Theorem 14. 8| from which that containment is derived below (see 
Proposition 14.22"]) . Let L be a fixed finite group. By a composition of w we understand a 

finite sequence A = (Ai, . . . , A r ) of positive integers such that Ai + h A r = w, and we write 

/(A) = r. 

Definition 4.4. Let £ G CF(LlS w ; K) and A = (Ai, . . . , A r ) be a composition of w. The class 
function lo\ G CF(L xr ; K) is defined by 

Wa(£)(zi,---,2V) = C(y<Ti(xi) ■ ■ -y^Xr)), Xi,..., X r G L, 
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where o~\, . . . , a T are disjoint marked cycles in S w of orders Ai, . . . , A r respectively. 

We will often view ui\ as an element of CF{L;K)® r . We write ui m instead of 0J( m ) f° r 
m G N. 

Definition 4.5. Let X be a subgroup of CF(L; K). We define the subgroup X I S w of 
CF(L 2 S W ;K) to be the %-span of the set of class functions of the form £e where Q = 
((01, Xi), • • • , (0n,Xn)) G Tup^(^) «s swc/i tfiai 4>i £ X for each i G [l,n]. 

For example, C(L) 2 S w = C(L \ S w ) by Theorem 12.41 and Lemma [2^61 

Lemma 4.6. Suppose that X < CF(L;K) and (, £ X I S w . Then w A (f) € ;r®*( A ) /or every 
A G 

Proof Let 0, A and o"i, . . . , a r be as in Definition 14.51 We may assume that £ = £@. We will 
give a proof only in the case when n = 1, i.e. G = (0, x), f° r it is easy to deduce the general 
result from this case using the definition of induced class function. By (12. lj) and (12. 2j) . 

w A (0(*i. • • • ,x r ) = (Infgf" X • ^ w )(y ai ( Xl ) ■ ■ ■ y ar (x r )) 

= x(°i " " " o~ r )(j){xi)4>{x2) ■ ■ ■ 4>(x r ) for all Xi, . . . ,x r G L, 

whence w A (0 = x(*i • • • ov^*™ G because x(o"i • • • ff P ) G Z. □ 

Definition 4.7. Lei B be a subgroup of an abelian group A (written additively). We say that 
B is rationally closed in A if for every a £ A such that na G B for some n G Z — {0} we have 
a G B. 

Theorem 4.8. Let X be a rationally closed subgroup ofC(L). Suppose that £ G C(LlS w ) and 
uj\(Q G X® l W for every A G V(w). Then £zXlS w . 

For a finite group G let be the set of all virtual characters £ G C(G) such that £ 

vanishes on all p-singular elements of G. Recall the following classical result: see (the proof 
of) O Theorem 5]. 

Theorem 4.9 (Brauer). For any finite group G, the set &(G) is the 7L-span of virtual char- 
acters of the form Ind^ 9 where H is a p' -subgroup of G and 9 G C(H). 

Example 4.10. Suppose that X = @>{L). Let £ G C{LlS w ) be such that w A (£) G ^{L) & ^ 
for all A G V(w). By Theorem|Ml £ G £P(L) I S w . Using Theorem 0T9] applied to L, it is not 
very difficult to deduce that £ must be an integer linear combination of virtual characters of the 
form Indj-j 9 where W{ = w, each f/j is a p -subgroup of L and G CQltW^'Sw) ( c ^- 

the proof of Proposition 14.221 below). When w < p, the above condition on £ means precisely 
that £ G S?{L I S w ); moreover, each TJ i J7j 2 5 Wi is a p'-subgroup of L 2 S w . So Theorem 14.81 
generalises a statement closely related to Brauer's Theorem 14.91 for L I S w with w < p to the 
case of arbitrary w (indeed, if w < p, we do not need Theorem 14.81 to prove Theorem 14.11 as 
Proposition 14.221 follows directly from Theorem 14. 9p . 

The rest of this subsection is devoted to a proof of Theorem [48j Throughout it, we assume 
that X < C(L) is rationally closed. 
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Lemma 4.11. For every £ E C(L I S w ) and every composition A = (Aj., . . . , A r ) of w we have 
u; x (0 E C(L"). 

Proof. We have observed above that C(L) I S w = C(L I S w ). So £ E C(L) I S w , whence 
oj x (0 G C(L) & W for all A by LemmaEOU □ 

Lemma 4.12. Let N be a normal subgroup of a finite group G. Suppose that £ E C(G) 
vanishes on G — N . Let (ft E Irr(iV), and let T = Gj, be its inertia group. Then the Clifford 
correspondent n E C(T\(f>) of vanishes on T — N. 

Proof. By the Clifford correspondent of 7r<^£ we mean the unique virtual character n E C(T\(f>) 
such that Lidy n = tt^. 

Write Irr(T|0) = {xi, ■ ■ ■ ,Xr}, and let rij = (Res^- Xj , 4>) for each j E [l,r]. Let j, I E 
[l,r]. Then Hes^(niXj — TijXl) = 0. Since £ vanishes on G — N, we have (£,Ind T (niXj — 
n jXi)) = 0. Since £ — tt^ does not have Ind r Xj or Indy xi as a constituent, it follows that 
(7r^£, Ind^ Xj — n j Ind^ X'} = 0) whence (n, niXj — n-jXi) = 0- Since this holds for all j and 
I, there exists q E Q such that for all j E [l,r] we have (n,Xj) = Q n j- On the other hand, 
{Indjfcj), Xj) = n j by Frobenius reciprocity. Therefore, n = qlnd%4>. Hence, rj(g) = for all 
geT-N. □ 

Let V, Vi, . . . , V r be abelian groups. Write V* = Homz(V, Z). For / E V* and v E V, we 
will often write (/, v) instead of f(v). If E is a subset of V or V*, its orthogonal complement 
E 1 - is the subset of V* or V respectively defined in the usual way. We say that v is annihilated 
by E if v E E ± . We identify the dual of (V~i <8> • • • <8> F r )* with VJ* <g> ••• ® V r *. If /; E V5 and 
J5^ C Vi for i E [I,?*], we write /i X • • • X f r instead of fi ® ■ ■ ■ ® / r and 

r 

= £i x ■ • ■ x £ r = {/i x • ■ • x / r | /; e £i for all i}. 

i=l 

(This agrees with the notation for class functions introduced in §2.11 ) 

Lemma 4.13. Let Vi,...,V r be free abelian groups of finite rank. For each i, let Ei be a 
subset ofV*, and suppose that fi E V* satisfies ker(/j) D Ei . Assume that cf> E V\ <8> ■ ■ • ® VJ. 
is annihilated by the set E\ x ■ ■ ■ x E r . Then (/i x • • • x / r , </>) = 0. 

Proof. Since ker(/j) D -Ei" 1 ", we have /j E Q-Ej for each i E [l,r] (where QEi is the Q-span of 
Ei in Q <gi Z V^*). Therefore, fx X ■ ■ ■ X f r E Q[£?i X ■ ■ ■ X E r ]. The result follows. □ 

Lemma 4.14. Let d E N. Suppose that £ E C(L ? S^) vanishes on (L I S^) — L xd . Then 
£ = Ind^ V /or some V E C(L xd ). 

Proof. Let E Irr(L xd ) and T = St&b LlSd (<p). By Lemma E3 we have vr^ = Ind^ Sd {rj) for 
some 77 E C(T|0) such that 77 vanishes on T — L xd . Clearly, it suffices to find ip E C(L xd ) such 
that n = Ind^ xd ip, for each <f>. Let us write 

4> = e xui x e XU2 x ••• x ef u \ 

where 0\, . . . ,0t E Irr(L) are distinct and u±, . . . , u t EN. Then T = (L\ S Ul ) x • • • x (L\ S Ut ). 
We will identify C{T) with <8>* =1 C(L \ S Uj ). 
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For each j = 1 , . . . , d write 4>j = 0* " J G Irr (L x u i ) and define a subgroup Vj of C(Ll S Uj \ <pj ) 

by 

V 3 = {a G C(L 2 S Uj . \4>j) | a(g) = for all g E (Ll S Uj ) - L xu >}. 

Clearly, Vj is rationally closed in C(Ll S Uj \(j)j), so there is a basis B 3 of C(L I S Uj \(f)j) such 
that a subset -By of B 3 is a basis of Vj. For each j let (B 3 )* = {/3* | /3 G .B- 7 } be the basis of 
C(L I S Uj \<t>j)* dual to B- \ and let (B J V )* = {/3* j (3 G £ v }. Let ft G £•? for each j G [l,t], and 
suppose that /3; ^ -By for some I G [1, i]. We claim that then 

(ft* x ••• x = 0. (4.1) 

Let £7 be the subset of C(L I S Ul \<f)i)* consisting of the functions of the form a i— > a(^), 
a G C(L ; S u ,|0i)» where S runs over ( L I S ui) ~ L XUl . Then Ej- = V t C ker(ft). For j ^ / 
let Ej = C(L I S Uj )*, so that Ej- = C kerft\ It follows from these definitions that every 
element of I}j=i Ej is a rational linear combination of maps of the form 

a ^ a(g 1 ■ ■ ■ g t ), a G C(T), 

where gj G Ll S Uj for each j and gi £ L Ul . Since r/ vanishes on T — L xd , it is annihilated by 
rij=i Ej- Applying Lemma f4.20^ we deduce that f)4. 1[) holds. 
Therefore, r] belongs to the Z-span of By x • • • x By. Hence, 

r 

f] = /.(Vvl X • • • X 7] vt ) 
V=l 

for some virtual characters r\ v j EC{Ll S Uj \4>j), v G [1, r], j G [1, t], such that r\ vr vanishes on 
[L I S Uj ) - L xu j for all v and j. 

To complete the proof, it suffices to show that each such r\ v j is the induction of some 
virtual character of L xu i . Fix v G [l,r] and j G Since all constituents of r/ v j lie over <j>j, 

we have rj v j = 9- 3 Inf^ 3 7 for some 7 G C(S Uj ). Let a G S Uj — 1, and let a = o\ ■ ■ ■ o m be 
the decomposition of a into disjoint marked cycles with orders summing to Uj. By Lemma [2.3l 

= Vv ,(y ai (l)---y am (l)) = e,(l) m 1 (a), 

whence 7(0") =0. So 7 vanishes on S U j — 1, which implies that there is n G Z such that 
7 = nlnd-,^ li. Thus, r\ v j = Ind^ xu " J (n6 XUj ), as required. □ 

Let m G N and d G Z>o- 

Definition 4.15. The map shr m : CF(LlS mc [', K) — > CF (L I Sd', K) is defined by the following 
identity: 

u x (shr m (Z)) = u mX (C) for all A G V(d), £ G CF(L I S md ; K). 

Note that giving the values oj\(shx m (^)) is sufficient to define shr m (£) due to the description 
of the conjugacy classes of L I S w in §2.31 In the special case when L = 1 we obtain the 
"shrinking" map shr m : CF(S mc i; K) — > CF(Sd] K), which is described by the following known 
result. 
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Theorem 4.16. Suppose that A/ ' \x is a skew partition and |A/ ' fj\ = md. We have shr m (x A///i ) = 
unless A D m fi, in which case 

shr m ( X A//t ) = e m (A/^)(x A(0)/M0) x • • • X x A(m-l)/ M (m-l))_ 
Hence, shx m (C{S md )) C C{S d ). 

Proof. The statements concerning x A// ^ are due to Farahat |13l §4] . The last statement is an 
immediate consequence. □ 

We now consider = ((4>i,Xi))l=i £ Tup mrf (L) and describe shr m (£e) m general. Let 
W{ G N be such that Xi € C(S Wi ), so that Yli w i = m< ^- We sa y that m divides Q if m \ W{ 
for every z € If this is the case, define shr m (0) = ((</>«, shr m (xi)))* =1 , so that shr m (6) G 

Tup»/ m ( L )' 



Lemma 4.17. Lei © G Tup, md (L). VFe /iGroe 

shr m (Ce) : 



Cshr m (6) ifm divides 6, 
otherwise. 



Proof. We begin with the case when m divides = ((<f>i, Xi))t=ii and let d and w% be as 
above. Let <j\, . . . , a r be disjoint marked cycles in Sd such that their orders lj = o{oj) satisfy 
Y^j lj = d, and let t\,...,t t be disjoint marked cycles in S m d such that o(tj) = mlj for each j. 
Let xi, . . . , x r G L and g = y CTl (xi) . . . y ar (x r ). First, suppose that t = 1, so that G = (</>, x). 
By (JH} we have 

shr m (Ce)(5) = X(n • • -T r ) \\_4>{xj) = (shr m (x)(<ri . . .CT r )) JJ^j) 

3 3 (4.2) 

= Cshr m (6)(5)) 

so the lemma is true in this case. 

When t is arbitrary, let J- be the set of all maps / : [1, r] — > [1, t] such that \f~ 1 (i)\ = Wi/m 
for all i G Wit]. Then J 7 parameterises the set of left fj i S^. / m -cosets in in the usual way, 
so we have 

shr m (Ce)(5) = X^II^i.Xi) n 

/eri=i Vie/- 1 © 

= ^2 n^** xo n ^^i) =Cshr m (e)(5), 

/&Fi=i Vie/- 1 © / 

as required. Here the first and the third equalities follow from the definition of induced class 
function (together with (|2.2p ), and the second one holds by (|4.2p . 

If m does not divide 0, one obtains shr m (^e) = by a similar (but easier) argument. □ 

Corollary 4.18. Let m G N and d G 1^>o- For every £ G C(L I S m d) we have shr m (£) G 
C(LlSd). 
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Proof. This follows from Theorem 12.41 and Lemma 14.171 □ 

Lemma 4.19. Let m G N and d G Z>o- Suppose that £ € C(L ! S^) satisfies oj m \(^) = 
/or every partition X of d other than (l d ) and uj/ m d)(^) G AT® . T/ien i/iere exis£ s G Z>o and 
virtual characters jji G C(L i 1 S m ), j G [1, s], i G [1, d], such that 



(i) The virtual character 



(LlS m ) xd . 
j=l i=l 



satisfies oj, m d\(t;') = 0; 
(ii) uivijji) G X&M for all j G [1,8], i G [l,d] and v G P(m). 

Proof. For every A G 'P(d) — {(l d )} we have WA(shr m (£)) = u> m \(£,) = 0. Hence, by Corol- 
lary SJ2] and Lemma T4.141 there exists ip G C(L xd ) such that shr m (£) = Ind^/^. We can 

write f/j = X^=i nf=i a ii f° r some r G N and virtual characters a 3 i G C(L), j G [1, r], i G [1, d\. 

Since X is rationally closed in the free abelian group C(L), we can find a Z-basis B of 
C(L) such that some subset Bx of -B is a basis of A". Let 73* = [ /3 G B} be the basis of 
C(L)* dual to £>. Let pi x : C(L) — > <Y be the projection with respect to the basis 73, that is, 

w x {4>) = £ s *. $A ^C(I). 

We claim that 

r d 

shr m (£) = £ IndJ^ pr* a*. (4.3) 
j=l i=l 

Let # denote the right-hand side of ()4.3p . As both and shr m (£) vanish outside L xd , it suffices 
to show that Res£' x 7(0 - shr m (£)) = 0. We will prove this by demonstrating that 

(fit x • • • x #,Resj^(0 - shr m (£))) = (4.4) 
for all . . . , fid G B. Suppose first that /3\, . . . , G -B^. Then 

r d 

(ft* x • • • x Res^ d A) = EE 11^' P r * a i.«) 

i=i a-eSd i=i 

i=l o-GSd 1=1 

^x.-.x/S^Res^Ind^ 




= (# X-- - x^,Res^shr m (£)), 

so (|4.4p holds in this case. Now suppose that /3 U ^ for some u G [1, d]. Then, for 
each a (£ Sd we have (/?*, pr^ aj^ u ) = 0, and therefore (Jjf =1 /3*, Res^ 9) = 0. Since 
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w (ld) (shr m (0) = U( m i)(0 G X® d , we also have (Uti %> Res Fxd shr m (£)) = 0; that is, both 
sides of (|4.4p are zero. This completes the proof of (|4.3p . 

Let = (pr^. aji) xm G C(L ? 5 m ) for all j and «. We have 

(r d \ r d 

e n tj< = e n shr -(^) 
3=1 i=l J j=l i=l 

r d 

= ^ Ind ix S ' II P r * a ji = shr m (£), 

j=l i=l 

where the first two equalities follow from Lemma [4 . 1 71 and the third one is Eq. (|4.3p . Therefore, 
the virtual character 

3=1 i=l 

satisfies shr m (£') = (in particular, kV m <j)(£') = 0). Moreover, part (jn]) holds by the definition 
of jji and Lemma 14.61 □ 

We will use the usual dominance and lexicographic orders on V(w): see e.g. \19\ Eqs. 
1.4.5-6]. In particular, we say that A strictly dominates /j if A is strictly greater than \x in the 
dominance order and that A dominates \i if it is greater than or equal to [i in the dominance 
order. 

Lemma 4.20. Let A G Viw), and write A = {i di )i^j, where I is a finite subset o/N. Assume 
that 

(a) G for every \i € V(w); 

(b) = for every partition v of w that strictly dominates A. 

Then there exist r G Z>o and a tuple (^ji)je[l,r],ieli with £jj G C(L \ S^) for every i and j, 
such that 

(i) w A (0 = Ei=iIlieJ w (i d i)(Cii); 

fiij OJ^ji) G /or every i £ I, j £ [l,r] and /i G V(idi); 

(in) uii v {^ji) = /or every i £ I, j £ [l,r] and every v G 'P(dj) such that v ^ (l di ). 
Proof. For each i G / consider the following subgroups of the free abelian group C(L I Si^): 

C t = {r,£ C(L I S Ui ) | G Af®'W for all ^ G 7>(*di)}, 

.Mi = {r/ G A I 0^(77) = for all v G P(dj) such that v / (1*)} and 

A/i = {77 g A I wu,(v) = for a11 v e W)}- 

For each i, we have A D Mi D A/i, and these three subgroups are clearly rationally closed 
in C(L 2 Sid-) (f° r A this follows from the hypothesis that ^ is rationally closed in C(L)). 
Therefore, for each i G / we can choose a basis C l of C(L ! 5^) that has a chain C* D D 
(7^ D Cj^ of subsets with the property that C^, and Cj^ are bases of A, Mi and TVj 
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respectively. For every 7 G C l write 7* for the corresponding element of the basis (C 1 )* of 
C(L I Sid )* dual to C\ Observe that Y\ i&1 C l is a basis of (S>j e /C(L i 1 S^) with dual basis 

Let = ReSy-i w rr ,c \ £• As in the proof of Lemma 14.191 let B be a basis of C(L) such 

that there is a subset -B^ of -B which is a basis of X . For each i G I let £7 J be the subset of 
C(L I Sidi)* consisting of the functions 

rj ^ (£* x ... x p*,^)), r? G C(L ? Suk), 

where fi = (/ii, . . . , fi s ) runs over T(idi) and the tuple (/3j )^=i runs over the set B xs — B^ s . 
Then d = (E*) 1 . 
We claim that 



[] 7*, ) = whenever ( 7i ) ie / G II - J[ C£. 
vie/ / ie/ iei 



(4.5) 



Let io G / be such that ji Q £ C^. Let R %0 = E 10 , and for i ^ i let R % be the subset of 
C(L I Sidi)* consisting of the functions 

rj ^ (ft x ••• X #,w M (i7)), 77 G C(L i 5^), 

where = (/ii, . . . runs over V(idi) and (/3j)j =1 runs over B xs . It is clear that (R l ) ± = 
C ker(7*) for all i 7^ iq. Also, ker(7* Q ) D £j = (R 10 )- 1 . Further, by hypothesis (jaj), the 
subset WifzjR 1 of ® ie iC{L I S idi )* annihilates 0. By Lemma I4TT31 Eq. ([431) holds. 
Now consider a tuple (7i)ig/ G Iltg/C* satisfying 

(1) 7 i £ ^ for all i G /; 

(2) there exists i\ G / such that 7^ ^ (7^. 

Fixing a witness ii G / of we define T n to be the subset of C(L I S^d^ )* consisting of the 
functions 

rj i-» (a% x • ■ ■ x a s ,Lu ilV (r])}, r\ G C(L\ S ildii ), (4.6) 

where v = (yi, . . . , v s ) runs over V{di 1 ) — {(l di i )} and ctj runs over Irr(L) for each j G [1, s]. 
For i G / — define T l to be the subset of C{L I S^)* consisting of the functions 

77 (->. (ai x ■ • • x a s ,uj iv (r])}, rj G C(L I S idl ), 

where v = (y\, . . . , z^) runs over V(di) and ay runs over Irr(L) for each j G [1, s]. We have 
Xij = (E h ur 1 ) 1 , and TV; = (E i UT i ) x for i =^ ij. Hence, conditions © and © imply that 

ker( 7 *) D (S* U r i ) ± for all i G /. (4.7) 

Suppose that (v l )iei is a tuple of partitions such that v 11 G ) — )} and i>* G V(di) 
for all i G / — {h}- Then the partition Ujg/z'z/ strictly dominates A, so by hypothesis (jbj) we 
have 
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(Here <f> is viewed as an element of (g), C(L I S^) and f\i as a map from <8>j C(L ? S^) to 
S,-*® 1 ^ in the obvious way.) It follows that 4> is annihilated by the set Yl i€l T l . 

Further, <fi is annihilated by Yl i€ j(E' 1 U T l ) — liter by hypothesis (jaj). Hence, is 
annihilated by ILei"^* u ^*)- By Ec l- flSD an d Lemma I4TTSI it follows that Hi 7* annihilates 
<j). That is, 

^n^'^J = whenever (li)iel satisfies flU and ©. (4.8) 

Consider 



Let us enumerate the non-zero summands on the right-hand side of this expression by 1, . . . , r 
(for some r). For a fixed j G [1,^], consider the j-th non-zero summand, and let G 
Y\ ieI C % be the tuple to which it corresponds. Clearly, we can write this summand as Y\ ieI £ji 
where £ji is an integer multiple of ji for each i. Thus, 

j=i iei 

It follows directly from (|4.9|) that <f> — (j)' is an integer linear combination of products of the 
form Yliei T i wnere T{ G C l for each i G I and there is at least one / G I such that 77 G Cj^, 
so that (jjQdq(ri) = 0. Therefore, 

w A(o-En<w&)= (n^)j (^-^)=o. 

j=i ieJ Vie/ / 

So conclusion (p} holds. 

Fix j G [1, r}. For each i G / let ji G C % — C 1 ^ be such that £jj is an integer multiple of 7i. 
Due to (14.51) . since the summand riie/£ji is non-zero, we have 7$ G C l c for each i. Moreover, 
the tuple (7i)iei" satisfies condition ([1]) above. If it also satisfies condition ([2]), then by (|4.8p 
we have 



iei Vie/ / iei" 



a contradiction. Therefore, 7, G C l M for each i £ I, and hence each £^ satisfies conclusions dn|) 
and (lull) of the lemma. □ 



Proof of Theorem \4.8[ We use induction on w, the result being clear for w = (with appro- 
priate conventions). Let A be the maximal partition of w, in the lexicographic order, such 
that <^a(£) 7^ 0. Arguing by another induction, on A, we may assume that the statement of 
the theorem is true if £ is replaced with £' such that = for all partitions fj, of w that 

are greater than or equal to A in the lexicographic order. 

First, suppose that A = {w). Let £' = £ - u w {£)* w . By Lemma SHI uj w (uj w (£,) xw ) = 
^to(O) so w tu(£') = 0- Note that uj w (^) G X, so w UI (£) XM ' G X I S w . By Lemma 14TB] it follows 
that the inductive hypothesis applies to giving £ X I S w . Thus, £ G X I S w in this case. 
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Now assume that A 7^ (w) and write A = (i di )i G j. The hypotheses (jaj) and (jb]) of 
Lemma 14.201 hold for £ and A, so there is a tuple (^ji)je[i,r],iei °f virtual characters, with 
£ji G C(L ? S'idJ, satisfying conclusions (i)-(iii) of that lemma. Considering fixed i G I and 
j G observe that conclusions ([n]) and (fm|) mean that Lemma 14.191 applies to (with 

m = i and d = dj), and therefore there is a virtual character G (L ? SidJ such that 
£ Vo(&) = and 

t=i z=i 

for some sj, G Z>o and some virtual characters 4>jiti G C(L I Si) such that u u ((j)jiti) G A?®^") 
for all v G "P(£). Since A 7^ (u>), we have i < w, so the last property implies that c^-jy G X \ Si 
by the inductive hypothesis. Hence, 

& - & G X I Su, for all j G [1, r], i G /. (4.11) 

Consider 

i=i ie/ 

By (jlTTll and (j4TT2l) . we have £ - f G X I S w . So it is enough to prove that ^' G X I S w . We 
will do this by showing that the second inductive hypothesis applies to 

Let fi G V{w). By the hypothesis, G By (liTlj) . ([4~T2]) and Lemma WM 

W/i(£') G Af®'^. Further, it is clear from ()4.10p that, for all j G [1, r] and £ G /, we have 

uj v (iji — i'ji) = whenever f G V{idi) is not dominated by (i rfi ). (4-13) 

It follows that w^(£' — £) = for every fi G "P(u>) that is not dominated by A, and hence 
w m(0 = = if // G 'P(w) is greater than A in the lexicographic order. 

We will show that wa(£') = as well. Fix a Young subgroup Y\ i£ j Si^ of 5V, , and let 
M < 5*™ be the factor corresponding to i, so that A4 ~ S^- For each i G J, let o^, 0"i2> • • • , cr^. 
be disjoint marked cycles of order ihxAi. Set /ij = Hz=i yau( x il) £ Ll Ai (for some Xj/ G L), 
and consider /i = Hie/ hi £ L I S w . Let 7r : L ; S w — > S w be the natural projection. Note that 
n(h) = Y\ i l an has cycle type A. By (]4.10p . (14. 12H and the definition of induced class function, 

m - m = e E ( life* - &) ) w ( 4 - 14 ) 

j=i 2GT Vie/ / 

where T is a set of representatives of left Y\ iGl ^-cosets in S w . (We assume that 1 G T.) 
However, it follows from (|4.13p that the inner summand on the right-hand side of (I4.14p is 
zero unless for each i G I the partition obtained by ordering the tuple 

{o{a V j) I i' G I, j G [l,ck>], z a V j G A4) 

is dominated by (i dt ). Since 7r(/i) has cycle type A = (£*)j g /, this condition can be satisfied 
only for t = 1. Therefore, 

r r 

m = m - Y,Httdh) - Uh)) = m -j2Htdhi) = 0, 

j=i iei j=i iei 
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where the second equality follows from the fact that kV^^-J = and the last one follows 
from conclusion (jT|) of Lemma 14.201 

So ujx(C) = 0j whence £' G X I S w by the inductive hypothesis, as claimed. □ 

4.2 Proof of Theorem ED 

Recall that Q G SyL(5 lu ) and A(Q) is the set of all subgroups of Q. As in £ j4.1l L is an 
arbitrary finite group. 

Lemma 4.21. Suppose that w = w\ + ■ ■ ■ + w r where w\, ... ,w r G N. £e£ us view; , . . . 5 Wr 
as subgroups of S w acting on disjoint subsets of S w , so that Yli^Wi i> s a Young subgroup. Let 
eSyl p (S Wi ) and^el(LlS Wv Q^,A(Q^)). Then 

r 

Indgf" 5 J] 6 G X(L ? 5 W , Q, ^l(Q)). 

1 i=i 

Proof. We may assume that Q > x ••• x Q( r ). For each i G [l,r] let be the 

set of subgroups M < L\ S w . such that M n G Syl p (M). Let i G [l,r]. Since & G 

X(L ! S 1 ^, QW, ^4(Qw)), we may write £j as a sum of virtual characters of the form Ind M 



LlSu 



a 



where M G T^' and a G C(M). Therefore, ]Ti£« expands as a sum of terms of the form 



where Mj G T (i) and a, G C(Mj) for each i. 

Let us fix such a term 77. Since MjflQW G Syl p (Mj) for all i, we have (T7j M^nfl^ G 
Sylp^Mi), and hence Qli-Mi) HQ G Syl p (7T i M») (as Q contains UiQ®)- Therefore, 
Indj-j ™ LlS j 77 G X(L ? S^, Q, ^4(Q)), and the result follows. □ 

Proposition 4.22. We We £1 C 1{S P I S W ,Q,A(Q)). 

Proof. Arguing by induction, we may assume that the result holds for smaller values of w. 
Let £ G K,\. Let A G V{w) and = r. By (|3.3|) . we have lo\(£)(xi, . . . ,x r ) = whenever 
x\, . . . ,x r G S p and at least one Xi is a p-cycle. Hence, wa(£) G &{V)® r . By Theorem 14.81 it 
follows that £ G &{L) I S w . 

We are to show that £ G I S W ,Q,A(Q)). So we may assume that £ = for some 

$ = ((0i,Xi))!=l € TuPwCSp) sucn tnat 0i e ^(^p) for an « e I 1 ) 5 ]- B y Lemma |4~2~T1 and the 
inductive hypothesis, we may in fact assume that s = 1, i.e. <3? = (</>, x) f° r some <p G &{S P ) 

and x G C(S W ). By Theorem 14.91 we may write (j) = 2~2 j n j ^ n< ^M a 3 wnere 3 run s over 
some finite set, rij G Z, Mj is a p'-subgroup of 5 P , and ay G Irr(Mj) (for each j). Hence, 
Lemma [231 expresses (j) xw as ^ ■ nj(lndj^. ay)*™ plus a sum of terms that all lie in &{S p )lS w 
by Lemma 14.21 1 and the inductive hypothesis. By Lemma 12.71 



(Ind§. a,)^ = Ind^K") G ^ * ^,QM(Q))- 

Therefore, 0*™ G Z(S , p \ S W ,Q,A(Q)). It follows from Definition O and [13 Problem (5.3)] 
that I(S P I S W ,Q,A(Q)) is an ideal of the ring C(S P I S w ). Hence, = <p* w In£g ptSw x G 
l(SplS w ,Q,A(Q)). ' □ 
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For each i G [0, to] let A$ ~ Sj be the group of permutations of and Pj ~ 3 W ^ be 
the group of permutations of [i + l,w], so that Ai x Pj is a Young subgroup of S^. Let 
Qi G Syl p (-Bj), chosen so that Qq > Q\ > ■ ■ ■ > Q w = 1. We may (and do) assume that 
Q = Qo- Further, let Pj be a Sylow p-subgroup of S p i 1 Ai such that Pj n Ai G Syl p (Aj). We 
choose Po, . . . , P w so that Po < Pi < • • • < P w and P w = P. 

Recall that S e = S(S pw+e , P, (S p ? S„,) x S e ). The following lemma describes what we need 
to know about the sets S e to prove Theorem 14.11 

Lemma 4.23. (i) For each i G [0,10 — 2] we have Pi x Qi G So- 

(z£^ Assume that e > 0. T/ien Pi x- Qi £ S e for each i G [0,io — 1]. 

Proof. (0) Let i G [0,to — 2]. Choose a non-identity element z G CsiiQi)- Such an element 
always exists: if is non-trivial, we can take z to be any element of Z(Qi) — 1; otherwise, 
take z to be any non-trivial element of Bi. Let g be the element of S pw that acts on the 
set X = {pi + l,p(i + 1) + l,p(i + 2) + 1, . . . ,p(w — 1) + 1} in the same way as z and fixes 
[l,pu>] — X pointwise. Then g £ S p I S w and g centralises both S p I Ai and Qi. Therefore, 
Pi x Qi < sp n P G 5b- 

(fill) The preceding argument shows that P, x Qi G 5 e for i G [0, w — 2]. Observe that Q w -\ 
is trivial and P w -\ is centralised by the involution v = (pw, pw + 1) G Sp^+e — ((Sp 2 S^) x S e ). 
Thus, P w _i x Q w _x < V P n P G S e . □ 

For each i G [0, w] let 

5* = {S < P | S < P, x for some j < i}. 

Proposition 4.24. For each i G [l,w] we have /Q C T(S P I S W ,P, S l_1 ). 

Proof. We will prove the proposition by induction on i. For i = 1 the result is true by 
Proposition 14.221 

Suppose that 1 < i < w and the proposition holds for all smaller values of i. Similarly 
to (|3.3p . for j G [0, w] and s£Z, set 

K s {Aj) = {(/)£ C(Sp ? Aj) | <f>(h) = for all h£U s n{S p l Aj)} and 
/C s (Pj) = {(/) G C(Sp ? Pj) | 4>(h) = for all heU s n(S p l Bj)}, 

where U s is given by (|3.2p . Then /Cj_i(Aj_i) is rationally closed in C(S P I so we can 

choose a subset {/3i, . . . , f3 r } of C(S P I Aj_i) such that {/3j + /Cj_i(j4j_i)}^ =1 is a basis of 
C(S P Mi-i)//Ci_i(Ai_i). Let £ G Ki. Then 

r 

H^0*(W-i)^£^ x ^ mod ^-i(^-i)®C0V^-i) (4.15) 

i=i 

for uniquely determined 71,... , 7r G C(S P ! Pj-i). We claim that 7j G /Ci(Pj_i) for each 
j G [l,r]. Indeed, consider z G U± n (Sp ? Pi-i). For each fa G Wi-i PI (S p 2 we have 

ftz G ZYj, and therefore, since £ G /Q, 

r 
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where the second equality is due to (|4.15p . This means that 



i=i 

whence ^j(z) = (by the choice of j3\, . . . ,/3 r ). So 7j G /Ci(Pj_i), as claimed. 

By Proposition 14.22^ we have 7^ € i -Bi-i, «4(Qi-i)) for each j. Hence, the 

virtual character 

6 = KvX-.M^-O fl> >< Tij (4-16) 

belongs to Z(,S P ? S W) P_! x Q^, ^(P^x x C X(5 P 2 S w , P, S^ 1 ). 

Let £' = £ — We claim that £' € /Cj_i- That is, we will show that = for all 

/i G Wi-i. First, suppose that no Sp 2 S^-conjugate of h lies in ((SpMi-i) HZ^-i) x (S p lBi-i). 
This implies that |tp wr (/i)| ^ i — 1, so in fact /i G Then £(/i) = because £ € /Q, and 
0(/i) = 0, so = 0. 

Now assume that some S p I S^-conjugate of h belongs to ((S p I A4-1) (Mlj) x (S p I Pj_i). 
We may replace h with this conjugate, so that h = Iz for some I G (S p I Aj_i) PI Wi-i and 
z £ S p l Pj_i. Without loss of generality, I = y ai (u) ■ ■ ■ y at (u) where u is a p-cycle in S p and 
o"i, . . . , at are disjoint marked cycles in Si-\ with orders summing to i — 1. By (|4.15p . 

r 

£(fc) = £&(07i(*)- 

We assert that #(/i) is also equal to Y^=i Pj(^7j( z )- D ue to <j4.16|) . in order to prove this, 
it suffices to show that, whenever g G (S p I S w ) — ((S p I -Aj-i) x (S p I Pj-i)) and 9 h G (S p I 
Ai—i) x (S p i Pj-i), we have (X^/=i x 7i)( 5 ^) = 0- But i n this situation, writing 9 h = l'z' 
(with I' £ S p l z' € S p l Pj-i), we see that 5 must send the support of at least one of the 
cycles a s into [i + 1, u>], whence z' G Z/l- Hence Jj(z') = for each j (as 7^ G /Ci(Pj_i)), and 
so (X^f=i$7 x lj){ 9 h) = 0- We have proved that 0(h) =£(h), that is, £'(h) = 0, as claimed. 

Since £' G /Q_i, we have £' G X(S , p ! 5^, P, <S i_1 ) by the inductive hypothesis (as <S i_2 C 
5 i - 1 ). As 9 G X(S P ? S w , P,^" 1 ), we conclude that £ = + # G X(S , P 2 5 W , P,^" 1 ). □ 

Proof 0/ Theorem\4l\ By Lemma [OS S™-l-5 e o c 5 e for all e G Z> . By Proposition 031 
^_ 5e0 C Z(,S P I S w , P, S«-*«o-i). Hence, JC w „ Se0 C X(S P ? P, <S e ). □ 

5 From 5p <! 5^ to the normaliser of a Sylow subgroup 

Throughout the section we assume that p is a fixed prime and w G N, noting that Theorem 1 1.3 1 
is trivial for blocks of weight 0. As before, let Q G Syl p (S w ) and P = C p I Q. Consider the 
chain 

S p lS w > N Sp (C p ) I S w > N Sp (C p ) I N Sw (Q) > N Spw (P). 

For each pair (G, H) of neighbouring elements of this chain, we will construct a signed bijec- 
tion from ±Irr p /(G) onto ±Iny(Pf) that satisfies an appropriate property (cf. Definition 15.71 
below). Composing these signed bijections with each other and with the bijection F p ^ WtP 
defined by (|3.6|) . we will be able to prove Theorem 11.31 
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5.1 Derived equivalences between wreath products 

In this subsection we will show that there is a signed bijection between principal block char- 
acters of S p I S w and those of Ns p (C p ) I S w witnessing (IRC-B1) (see Corollary I5.6[) . It is 
shown in [12\ §3.1] that such a bijection exists provided there is a derived equivalence be- 
tween these blocks satisfying certain conditions. Thus, our signed bijection will be obtained 
as a character-theoretic "shadow" of a stronger result (Theorem I5.2|) concerning a derived 
equivalence between blocks of wreath products that was constructed by Marcus [23J. In this 
subsection we rely on the definitions and conventions of [12} §3.1], some of which we now 
recall. 

Let G and H be finite groups. If M is an OG-0-ff-bimodule, then M is identified with the 
0{G x i?)-module defined by (g, h) ■ m = gmh^ 1 for g G G, h G H and m G M. Recall that 
if S is a set of subgroups of G, then an OG-module N is said to be S '-projective if for every 
indecomposable summand N' of N there exists S G S such that N' is relatively S'-projective. 
If P is a subgroup of both G and H, then we write 

AP = {(x,x) \x G P} <G x H. 

If X is a set of subgroups of such a subgroup P, we define AX = {AX \ X G X}. 
Let C be a bounded chain complex of 0G-(D-ff-bimodules: 

c= — > c- 1 -»> C° -> C 1 -> • • • . 

If c is an element of a term C l , we write deg(c) = i. Note that C® w is a complex of 0(G XW )- 
C(i? xu ')-bimodules. By 23 Lemma 4.1], there exists a function e: S w x (Z/2) w -)■ Z/2 such 
that, defining 



(7 • (Cl 



= (_l)^(d eg ( C i),..,d eg (c„)) C(T _ i(i) g, . . . g, ^ (51) 



where c±, . . . , c w are elements of terms of C, we obtain an action of S w on C® w . Moreover, 
this map e may be chosen to satisfy the equations 

e CT (0,...,0) = 0, (5.2) 
e a (ii, . . . , ii + 1, . . . , i w ) = e a (ii, . . . , i h . . . i w ) + i\ -I h 

+ V V-i(<r(0-i)> ( 5 - 3 ) 

e T(T (ii, ...,«„,) = e T (ii, . . . ,i w ) + e CT (i T -i (1) , . . . ,i T -i («,)), (5.4) 

for all a,T G 5 W , . . ,i w G Z and / G [1, u;]: see the proof of Lemma 4.1 in [23], particu- 
larly, Eqs. (4.2.1) and (4.2.2). It follows from (JO} and (JOJ) that 61(11,...,^) = for all 
ii, . . . , i w G Z, and hence (|5.4|) gives, when we set r = cr _1 , 

e a -i(ii, . . . ,i w ) = e CT (z CT (i) , . . . ,i a ( w )) for all cr G S w , i\,...,i w G Z. 

Using this, it is straightforward to deduce that C® w becomes a complex of 0((G x H) I S w )- 
modules when one combines the OG-0-ff-bimodule structure with f)5. 1[) . By (G x H)lAS w we 
understand the subgroup (G x H) xw x AS W of {GlS w ) x (ff^ TO ) = (Gxff) XK x (5™ x S , w ). 
Following [23], we define 

r< , c _ t AGiS w )x(HiS w ) 
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(In [23], the complex ClS w is constructed using somewhat different language, but the outcome 
may be easily checked to be isomorphic to the one given above.) 

Now let b and e be p-blocks of G and H respectively Then b® w and e® w are central 
idempotents of 0(G I S w ) and 0(H I S w ) respectively. 

Theorem 5.1 ([231 Theorem 4.3(b)]). If C is a Richard tilting complex of OGb-OHe- 
bimodules, then C\S W is a Richard tilting complex of 0{Gl S w )b® w -0{H \S w )e® w -bimodules. 

In order to state our theorem, we need to recall some further definitions of |121 §3.1]. Let 
D be a fixed p-subgroup of an arbitrary finite group A, and let S be a set of subgroups of D. 
Let X be a complex of OA-modules. As in [12, Definition 3.3], we say that X is S-tempered 
if at most one term X 1 is not 5-projective. If such a term X 1 exists, let X 1 ~ M © N where 
N is the 5-projective summand of X' 1 of maximal dimension. We say that M is the pivot (or 
S -pivot) of X and that this pivot is located in degree i. If all terms of X are 5-projective, the 
pivot of X is defined to be 0. Further, suppose that B is a subgroup of A containing Na(D). 
Let / £ B1(j4) be such that D is a defect group of /. The 0{A x S)-module that is the Green 
correspondent of the 0(A x A)-module bAb is denoted by &x(A, f, B). 

Theorem 5.2. Let G be a finite group and b E B1(G). Let D be a defect group of b, and 
assume that D ^ 1. Suppose that H is a subgroup of G containing Nq(D), and let e E Hl(H) 
be the Brauer correspondent ofb. Let S = S(G,D,H) and S' = S(GlS w , DlQ, H lS w ) (where 
Q E Syl p (S w )). Assume that C is a Richard tilting complex of OGb-OHe-bimodules which is 
AS-tempered with pivot &t(G, b, H) located in degree 0. Then C I S w is AS' -tempered with 
pivot <&z(G I S w , b® w , H lS w ) located in degree 0. 

In the remainder of this subsection we will use the notation specified by the preceding 
hypothesis. We note that, by Lemma [2751 b® w and e® w are blocks of G I S w and H I S w 
respectively. 

Let X be a set of subgroups of D. We define X = X( w > to be the set of subgroups S of 
D I Q such that S is contained in a subgroup of the form (D\ I Q\) x • • • x (D r I Q r ) where 

(i) for some w\,...,w r such that ^ ■ Wj = w, there are subgroups S Wl , . . . , S Ws of S w acting 
on disjoint subsets of [1, w], and Qj G Syl p (S W] ) for all j; 

(ii) Qj < Q for each j; 

(iii) Dj < D for each j E [l,r] and there is at least one t € [l,r] such that Dt S X. 
Lemma 5.3. We have S C S' . 

Proof Let S = {D\ I Q\) x • • • x (D r I Q r ) be a maximlal element of S. With notation as 
above, choose t such that Dt £ S. Then Dt < X D n D for some x E G — H . The element 
g = (1, . . . , 1, x, . . . , x, 1, . . . , 1; 1) € G I S w , where the symbols x occupy the chosen subset of 
size wt, centralises the subgroup D s I Q s for each s ^ t as well as the subgroup Qt- It follows 
that S < 9 {D lQ)n(Dl Q). Also, g (£ H I S w , and hence S E <S'. □ 

Lemma 5.4. Let X be a set of subgroups of D. Suppose that Y is a AX -projective indecom- 
posable 0{G x H) -module. Then 

vv - ma^ GxH)lASw i 

is AX -projective. 



30 



Proof. Let T G X and an OS-module U be such that Y is a summand of Ind%* H U. Then Y® w 
is a summand of (Ind^^ U)® w , which is isomorphic to Ind^^9 i ^ S ' tu U® w by Lemma 12.71 
Hence, W is a summand of lndf}^S HlSw) 17®*'. □ 

Lemma 5.5. We have 

for some AS' -projective module Z. 
Proof We claim that 

lnd { ^^f w Sw) {OGbf w ~0(Gl S w )b® w (5.5) 

as 0(G I S w )-0(H I 5^)-bimodules. Since {(1, a) \ a € S w } is a set of representatives of left 
(G x H)l ASVcosets in (G I S w ) x (H l S w ) = (G x H) I (S w x S w ), we have the following 
equality (of O-modules): 



MSS5ffi a " ) (OG*) S,D = 0((G I S w ) x (H i S w )) 0a((GxH ); A5„) (OG6) § - 

= ©(l,<r)®(0G6) 8to . 



(5.6) 



Also (again, as 0-modules), 

0(G ? S^b® 10 = (OG6)® w • a (5.7) 

With the identifications (|5,6p and (|5.7p in mind, we see that the map 

(1, a) ® (ai <8> • • • (g> a w ) i-)- (ai ® ■ ■ • ® a M ) • a -1 , a € 5 W , ai, . . . , a w € OGb, 

defines an 0-module isomorphism between the two sides of (|5.5p . It is straightforward (but 
tedious) to verify that this map is, in fact, an isomorphism of 0(Gl S w )-0(H I S w )-bimodules, 
proving the claim. 

By definition of <8v(G,b, H), we have 

OGb = 8t(G, b,H)®Y l ®---®Y m 

for some indecomposable A5-projective (D(G x 7f)-modules Y\, . . . , Y m . Thus, it is easy to 
see that (OGb)® w is a direct sum of &t(G, b, H)® w and summands of the form 

lnd^ { f^ H)lS ^ j (<8t(G, b, Hf W0 ® Yf wi ® • • • ® Y® w ™ ) (5.8) 

where wo + ioi + • • • + w m = w and u)o < w (cf. the proof of Lemma [23]). Therefore, the 
left-hand side of (53]) is a direct sum of Indjg' > f™ ) ); >< ^ Sl " ) ((5r(G, b, H)® w ) and modules of the 
form 

M^Sf^xUcGxH)^ NG, 6, fl)S»o g, if* g, . . . g, (5.9) 
where not all of wi, . . . , w m are zero. 
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Consider a fixed summand (|5.9p . Let t > be such that w t > 0. By Lemma \5M 
^T H ilZ Sm) is AS^-projective and 

lnd U l xH)lls H J a Sws) Y ^ Wa is A ^ 1 ^-projective for a G [0,w] - {t}, 

where we write Yq = &x(G, b, H). It follows that the summand ()5.9[) is A5-projective; hence, 
by Lemma EH it is ^'-projective. 

We have proved that the 0((G I S w ) x (H I S w ))-module 0(G I S w )b® w is a direct sum 
of Indjg^^ 5 ^ <5x{G,b,H)® w and a AS'-projective module. Now, by definition, <Sx(G I 
S w , b® w , HlS w ) is the only indecomposable summand of 0(G\S w )b® w that is not iS'-projective. 
The lemma follows from these two facts. □ 

Proof of Theorem \5.°A Fix a decomposition of each term C l into indecomposable summands, 
so that (&v(G, b, H) is one of the summands of C° and all the other summands of the terms 
of C are AtS-projective. Due to (|5.ip . this induces a decomposition of each term of C® w (as 
an 0((G x H) xw )-module) into certain summands. The group S w acts on the set of these 
summands. One of the summands is &x(G,b, H)® w . It is stabilised by S w and becomes 
0r(G, b, H)® w as an 0((G x H) I S^-module by ([53]) . Due to Lemma [531 it suffices to show 
that if one removes the summand Ind^^^g iS "'' ) <3t(G, 6, fl") from the 0-term of C I S w , then 
all terms of the resulting complex are A5'-projective. 

Let Y = Y® W1 ® ■ ■ ■ ® Y® Wm be a summand in the above decomposition of C® w (with 
w = Ylti w «)> where each Yj is a summand of the term C dj ' (for some cL- G Z) and there exists 
t G such that 1^ is not isomorphic to <Sx(G,b, H). Then Y t is AtS-projective. The S^,- 

stabiliser of this summand Y is Ylj S Wj , so Y is endowed with a structure of a (TJ • )-module, 
denoted by Y. Then the (direct) sum of elements of the S^-orbit of Y is a summand of the 
(Y2j dj)-term of C® w as an 0((G x ff) ? 5 W )-module and is isomorphic to Ind/g*S|^ s n Y. 
By the argument above, it is enough to show that the module 

7 T AGlS w )Y.{H\S. w ) -Tr 

is AiS'-projective for each such Y. 

It follows from Eq. (|5.4|) that the map (a%, . . . , a m ) i-> € a (d\, . . . , d%, . . . , d m , . . . , d m ) 
(where dj occurs Wj times) is a homomorphism from TJ ■ S w . to Z/2Z. So this map may 
be written as (<7i, . . . , cr m ) h-> sgn(<7i) Sl • • • sgn(a m ) Sm for some si, . . . , s m G {0, 1} (where sgn 
is the sign character). Hence, 

Y ~ (Ti ® If™ 1 ) ® • • • ® (T m ® u,m ) 

(as x ff) J (fjj 5'^))-modules) where Tj is the inflation from OS Wj to x JET) I 

S Wj ) of the 1-dimensional module affording the character sgn Sj . By Lemma 15.4} the module 

Indl^j^As^ 51 "' ^ ^^t®™*) is A(«S^*))-projective. Further, for each j G [1, m], the module 

Ind| G ! x ^| A g ! Wj (Tj ® Y^^) is A(L> ! Q^-projective, where Qj is a Sylow p-subgroup of S Wj 

(as lj is AD-projective). From these two facts and the definition of <S^ W \ one deduces that 
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is A(«S(™))-projective. By Lemma 15.31 <SW C S', so Z is A<S'-projective. □ 

Corollary 5.6. Let &o be the principal p-block of S p I S w . Then (IRC-Bl) holds for the 
quadruple (S p lS w ,b ,P, N Sp (C p ) lS w ). 

Proof. Let Co be the principal block of S p , so that &o = Cq W , and b' be the principal block of 
N Sp {C p )lS w . Let S = S{S p ,C p ,N Sp (C p )) (so that S = {1} forp > 3). By [T21 Theorem 3.10], 
there exists a Rickard tilting complex C of OS p cq-ONs p (C p )-bimodules that is 5-tempered 
with pivot &t(S p , co, Ns (C p )). We may assume that this pivot is located in degree of C (for 
we can shift C as necessary) . By Theorems 15.11 and 15. 2\ C lS w is a Rickard tilting complex of 
0(S P I S w )b -O(Ns p (C p ) I S w , 6 )-bimodules and is S(S P I S w , P, Ns p (C p ) I S^-tempered with 
pivot &x(S p I S w ,bo, Ns p (C p ) I S w ). By (the proof of) [HI Proposition 3.8], the existence of 
such a complex implies that (IRC-Bl) holds for the quadruple (S p lS w , bo, P, Ns p (C p )lS w ). □ 

5.2 Preliminary Lemmas 

Definition 5.7 (Cf. Definition 1 1.2j) . Let H be a subgroup of a finite group G, and let Xq and 

Xh be subsets of C(G) and C(H) respectively, both closed under multiplication by —1. Let D 
be a p-subgroup of H. We say that a map F: Xq — > Xh is D-IRC-compliant if F is signed 
and 

F( X ) = Proj D Res£x mod 1{H,D,S{G,D,H)) 

for all x S X G . 

In the case when, in addition, \G : H\ is prime to p and D £ Syl p (H), we will say that the 
map F as above is IRC-compliant if it is D-IRC-compliant. (In this situation, Proj^, is the 
identity map, and the definition does not depend on the particular choice of D.) 

For blocks of maximal defect one can replace the property (IRC-Bl) with a slightly simpler 
one. Suppose that G is a finite group, D € SyL(G), and Nq(D) < H < G. We write 

Iny(G) = {x G Irr(G) | x(l) # mod p}. 

The pair (G, H) is said to satisfy the property (IRC-Syl) if there exists an IRC-compliant 
signed bijection F: ±Iny(G) -> ±Iny(.ff) (see H3 Section 1]). Note that (IRC-Syl) holds 
if and only if (IRC-Bl) holds for each quadruple (G, b, D, H) where b runs through the blocks 
of G with defect group D (see p~2] Section 2]). 

We now prove several technical lemmas concerning (IRC-Syl). 

Lemma 5.8. Suppose that N < H < G are finite groups and N is normal in G. Let 
(ft € Irr(iV) and T = Ga,, L = be its inertia groups. Assume that \G : L\ is prime to p. Let 
Xt and Xl be subsets of ±Irr(T|<^) and ±Irr(i^|c^) respectively, closed under multiplication 
by —1. Let 

X G = {Ind!f X I X e X T } and X H = {Indf \ 6 G X L }. 

Suppose that F: Xt — > Xl is an IRC-compliant signed bijection. Then the map F: Xq — > Xh 
defined by -F(Ind^ x) = iIKr L F(x) f or X G Xt is also an IRC-compliant signed bijection. 

Proof. By Clifford theory, F is a well-defined bijection. Let D € Syl p (L). By |12|. Theorem 
1.4], the fact that F is IRC-compliant implies that 

X = Indl F( X ) mod X(T, D, S(T, D, L)) for all X G X T . 
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Applying Inoyf to both sides of this congruence and using the definition of F, we obtain 

T] = Indg F(rj) mod Ind^(X(T, P, S(T, D, H))) for all r) G Xq. 

Since H = T n L, it follows from the definitions that S(T, D, L) C S(G, D, H) and hence that 
lnSf(l{T,D,S{T,D,L))) C T(G,D,S(G,D,H)). Therefore, 

7] = Ind^ F{rj) mod 1(G, D, S(G, D, H)) for all rj G X G . 

The lemma follows from this after another application of [12} Theorem 1.4]. □ 

Lemma 5.9. Let N be a normal subgroup of a finite group G and ~ : G — >■ G/N = G be 
the projection map. Let H be a subgroup of G containing N such that \G : H\ is prime 
to p. Suppose that (ft G Irr(iV) is a character that extends to (ft G Irr(G), and write (ftjj = 
Res^r (ft. Let X G and Xg be subsets q/±Irr(G) and ±Itt(H) respectively that are closed under 
multiplication by —1, and suppose that there is an IRC-compliant signed bijection F: X G — > 
Xg. Let Xq = {0InfgX I X € Xq} and Xh = {</>_H"Inf jj # | 9 G Xh}- Then the bijection 
F: Xq — > Xh defined by F(^Inf^x) = 4>H^^% F{x) for \ G X G is also IRC-compliant. 

Proof. First, we note that the map x l— * 4>^ n ^X is a bijection from X G onto Xq by \17\ 
Theorem 6.16], and the same holds for H. So the map F is well-defined and is a signed 
bijection. Let D G Syl p (F), so that D n N G Syl p (iV). Let 7 = <£Infgx G Xq, where 
X G X G . Then 

F( 7 ) - Resg 7 = 4>H ■ Inff (F( X ) - Resg x ), (5-10) 

and -F(x) — R es ^(x) 1S : by the hypothesis, an element of the Z-span of virtual characters of 
the form Ind^ £ where £ G Irr(L) and L is a subgroup of -ff satisfying LC\D G Syl p (L) and 
L n D < X D for some x £ G — H. In the remainder of the proof L is allowed to run through 
the set £ of subgroups of H with these properties, and we denote by M the preimage of L 
under the projection ~. 

From ()5.10p we deduce that F(j) — Res^ 7 belongs to the Z-span of virtual characters of 
the form 

4> H ■ (Inff Indf = Ind^((Res£ $) ■ (Inff £)) (5.11) 

where L G £, £ G Irr(L), and M is as above. It suffices to show that in this situation 
M n D G Syl (M) and M D D < 9 D for some 5 G G - H; for then the image under the 
map Ind^ of any virtual character of M belongs to I(H, D,S(G, D, H)), in particular, the 
right-hand side of (I5.1ip does. 

The condition that L n D G Syl p (L) means that p does not divide \L : L fl D\ = \M : 
M n DN\. Also, since N < M, 

\MC\DN : MDD\ = \{M n D)JV : M fl D| = \N : N fl D| 

is prime to p. It follows that \M : M n D\ is prime to p, whence M D D £ Syl p (M). 

Now the fact that L D D < X D (with x G G - H) implies that M D D < 9 (DN), where g 
is any element of G such that 5 = x. That is, 9_1 (M n D) < DN. But since D G Syl p (L>iV), 

there exists z G -DiV such that 9 (M Pi D) < Z D; moreover, we may assume that z G N. 
Hence, M n D < 9Z D. And gz £ H because g = x H and z G N. Thus, M satisfies all the 
required conditions. □ 
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Lemma 5.10. Let H < L be finite groups such that \L : H\ is prime to p. Let D G SyL(iJ). 
Suppose that S is a downward closed set of subgroups of D such that S D S(L, D, H) . Then 

Res^{l(L,D,S)) Cl{H,D,S). 

Proof. Let A be a subgroup of L such that ADD G Sy\ p (A) and ADD £S. By Definition [L~T| 
it suffices to show that Res^Ind^ G T(H, D,S) for all such A and all £ G C(A). By the 
Mackey formula, 

Res^ Indjj £ = Ind£ nH Res^ £ + Indg nH Res^ ^ 

where T is a set of representatives of double -ff-^4-cosets in L — HA. We will show that each 
summand on the right-hand side belongs to I(H, D, S). We have (A n H) n D = A n -D G 
Syl p (A n #) n 5, so Indf nH Res^ nH £ G L», 5). 

Now let g G T. Let E G SyLj^DH). Then h E < D for some h € H and, replacing <? with 

/ig (and 2£ with ^), we may assume that E < D. Also, E < whence 9 < A Since D 
contains a Sylow p-subgroup of A, we have E < 9a D for some a G ^4 (by the Sylow theorems). 
Since ga £ H, we have E G S(L, D, H) C 5, so 

Ind^ nH Ra$ nH ^ G D, 5). □ 

Lemma 5.11. Let H < L < G be finite groups such that \G : H \ is prime to p. Suppose that 
(IRC-Syl) holds for the pairs (G, L) and (L, H). Then (IRC-Syl) holds for (G, H). 

Proof. Let D G Syl p (H). Let Fx: ±Iny(G) -> ±Irr p /(L) and F 2 : ±Iny(L) -> ±Irr p/ (H) 
be IRC-compliant signed bijections. We will show that F = F2F1 is also IRC-compliant. Let 
X G ±Iny(G). Then 

F(x) ~ Resgx = (F 2 (F l ( X )) - Res^iOO)) + Res&(Fi( X ) - Res£(x)). 
Since F 2 is IRC-compliant, we have 

F 2 (F 1 ( X ))-Res|(F 1 ( x )) el(H,D,S(L,D,H)) Cl(H,D,S(G,D,H)). 

(The containment is clear from the definitions.) Since F\ is IRC-compliant, we have 

Res^(F!( X ) - Resg(x)) G Res^(Z(L, D, 5(G, L>, L))) C Res^(X(L, D, 5(G, D, H)) 

Cl(H,D,S(G,D,H)), 

where the first containment holds because S(G, D, L) C S(G, D, H) and the second one is 
due to Lemma 15.101 Hence, F is indeed IRC-compliant. □ 

Lemma 5.12. Let G\, . . . , G n be finite groups. Suppose that for each i G [1, n]: 

(i) Di G Sylp(Gj) and Hi is a subgroup of Gi containing Na^Di); 

(ii) there are subsets X{ and Y% of Irr(Gj) and Irr(Hi) respectively and an IRC-compliant 
signed bijection Fi'. ± Xi — > ±Yi. 
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Then the signed bijection F : ± Y\ i X; t — > ± FJ 4 Yi defined by 

F{x\ X • • • X Xn) = F(xi) x • • • x F( Xn ), Xi, ■ ■ ■ , Xn G ± Irr(Xj), 
is IRC- compliant. 

Proof. Without loss of generality, n = 2. First, observe that the lemma holds in the special 
case when H2 = G<i'- this can be seen by applying Lemma 15.91 with N = G\ and cp running 
through X\. Thus, the map defined by xi x X2 ^ Xi x F(X2) is an IRC-compliant signed 
bijection from ±(Xi x X2) onto ±(Xi x Y2). We have a similar bijection from ±(Xi x I2) onto 
±(Y"i x Y^)- The composition of these two maps is clearly equal to F and is IRC-compliant 
by the proof of Lemma 15,111 □ 

5.3 Proof of Theorem [L3] 

Recall that Q G SyL(S W) ) and P = C p I Q. The following result will be used in the proof of 
Theorem 1 1 . 3 1 and relies on the inductive hypothesis that will be available in that proof. 

Proposition 5.13. Assume that the statement of Theorem \1.3\ is true for all blocks of all 
groups S m such that m < w. Then (IRC-Syl) holds for the pair (Ns p (C p ) I S w , Ns p (C p ) I 
NsJQ))- 

Proof. Let G = Ns p (C p ) I S w . For a fixed character cp € Irr(Ns p (C p ) xw ), consider the set 
Ivv p ,{g\cP) = lxx p ,(G) n lvv(G\cp). Let T = Stab s J^). If \S W : T\ is divisible by p, then 
Iny(G|0) = 0. So T| is prime to p and hence that Q < T (possibly, 

after replacing cp with a G-conjugate). Without loss of generality, 

cP = cP* wl x • • • x cP* Wr 

where cpx, . . . cp T € Irr(S , p ) are distinct. If p divides the degree of some cpi, then ln p /(G\cp) = 0, 
so we assume that cpi, . . . , cp r £ lii p i(S p ). (We denote by A a set of representatives of G-orbits 
on the set of characters cp satisfying all of the above assumptions.) 

We have T = S Wl x • • • x S Wr and Q = Qi x • • -xQ r where Qi = QnS Wi for all i (so that Qi £ 
Syl p (5„,J). For each i G [1, r], by the hypothesis applied to S Wi , there exists an IRC-compliant 

signed bijection F{ : ±lric p i(S Wi ) — > Irr p / (iVg^. (Qi))- Since cp* w ' extends to the character cp XWi 
of Ns p (C p )lS Wt , Lemma lSTUl yields an IRC-compliant signed bijection Fi : ±lrr p > (Ns p (C p )lS Wi \ 
(p* Wl ) -> ±lvv p ,(N Sp (C p ) lN Sw .(Qi) I (pi Wl ). Hence, due to LemmaEZGl there is an IRC- 
compliant signed bijection F: ±Iri p , (N Sp (C p ) \T\cp) ±lYY pl (N Sp {C p )lN T (Q)). Finally, by 
Lemma [581 there exists an IRC-compliant signed bijection F: ± Irr p / (N$ (C p ) I S w \ cp) — > 
±lrr p i(Ns p (C p ) I Ns w (Q) \ cp). Combining such bijections for representatives of all cp £ A, we 
obtain the result. □ 

Lemma 5.14. Let G be a finite group. Let L < G and N be a normal subgroup of G. Let 
cp G Irr(L) and ip G Irr(L fl N). Suppose that G = LN and that the inertia subgroups L^ and 
G> satisfy G^ = L^N . 

(i) IfHes^ nN cp = ip, then the map Res^ restricts to a bijection from Ivi(G\cp) onto Irr(L|^). 

(ii) If Ind^ nN tp = cp, then the map Ind^ restricts to a bijection from Irr(L|?/>) onto Irr(G\cp). 
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Proof, (i) First, we prove the result in the case when = G. We will use the well-known 
theory of characters of twisted group algebras, referring to |10| for terminology and some 
results. Suppose that % £ Irr((5) for a finite group (5. We write e x for the corresponding 
primitive central idempotent of the group algebra K<3 and M n (K) for the algebra of n x n 
matrices over K. Furthermore, we will use the following elementary fact: if 9 E Irr(fj) for 
some ft < <8, we have ege x = e x if and only if Res® x is a multiple of 9. 

In particular, by the hypothesis of (i), we have e^e^ = e$. Moreover, any representation 
affording maps K(L n N) onto M^(K); that is, KNe^ = K(L n A r )e ( ^ ) . Following 
Proposition 11.15], let A be the (G/AQ-graded algebra CKG(KN)ej, where the giV-component 
A g N is the intersection of A with the K-sp&n of gN (for each g € G). By [101 Proposition 
11.20], ^4 is a totally split twisted group algebra for G/N; moreover, by [101 Statement (12.15)], 

= { e x I X ^ Irr(G|0)} is precisely the set of primitive central idempotents of A. Similarly, 
B = Ckl(K(L n N))e^p is a totally split twisted group algebra for Lj [L n iV), and £^ = {eg | 
9 £ Irr(L|-0)} is precisely the set of all primitive central idempotents of B. Let W = G/N = 
L/(L n N), where the last two groups are identified in the usual way. Then both A and B 
are twisted group algebras for W. Since G^ = G, the idempotent centralises KG and, in 
particular, B. Each u € B centralises K(L n AQe^ = KNe^; hence, ue^ centralises KN, so 
ue^, S A. Thus we have a homomorphism i: B — > A defined by i(u) = ue^. Moreover, if g £ L 
and u g is a graded unit of B of degree g(L n iV), then u^e^ is a graded unit of A of degree giV 
because (u g e ( j ) )(u~ 1 e ( f ) ) = e^e^ = e^. So the image of i contains a graded unit in each degree, 
whence i is surjective. Since dim^ A = dim^-B = |W|, it follows that t is an isomorphism. 
In particular, the map eg i-> ege^, which is the restriction of t to S^, is a bijection from £^ 
onto £(/>. By the fact quoted at the end of the previous paragraph, for each x € Irr(G|0) there 
exists m x 6 N such that Res^x = m x^' where eg = L~ 1 (e x ). For every # 6 Irr(L|^), we 
have Res^ nA r = WflV'j where n x = 6(l)/ip(l). Similarly, if x G Irr(G|0) and eg = t -1 (e x ), 
then Res^x = n x c t ) -i where n x = x(l)/0(l) = m x 9(l)/ip(l) = rn x n d ( as <Kl) = V'(l))- Since 
G = and L = L^p, we have 

2 (Resi nw ^,^) 2 = (Indi nJV V,Indi nJV V) = (^,Resi nJV Indi niV V) 

6»eIrr(L|i/>) 0elrr(£|^) 

= (i/i,\L : (LDJV)I^) = \L : (LniV)| = \G : N\ = (lnd% <f>, lnd% <j>) = 

x 

Due to the identity n x = m x ng, we deduce that m x = 1 for all x G Irr(G|0). So the conclusion 
of part (i) holds. 

Let us now deduce part (i) of the lemma in the general case. By Clifford theory, induction 
gives a bijection from Irr '(GA<f>) onto Irr(G|</>), and a similar statement holds for L. Since 
ip = Kes% <f), we have G^DL < L^,. By the hypothesis, < G^, so G^PiL = L^. Thus, by the 
Mackey formula, if x € Irr(G|<£), then Resglndg^ X = Ind£^ Resf* X (as LG^ > LN = G). 
This identity means that the conclusion of (i) holds for G and L provided it holds for G^ and 

(ii) Using Clifford theory (as in the preceding paragraph) , one can easily see that it suffices 
to prove the result when G = Ga- Assuming this, consider 9,9' € Irr(L|?/>). We claim that 

(Indf 0,lnd£ 9')=5 ee .. (5.12) 
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Suppose that f|5. 12|) is false. Then, by Frobenius reciprocity and the Mackey formula, there 
exists g G N - (L n N) such that (Res^ nL 9 9, Resg LnL 9') > 0. Then Resl^ nLnN 9 9 and 
Hesg LnLnN 6 have a common irreducible constituent. However, ip is the only irreducible con- 
stituent of Resf nN 9, and 9 ip is the only irreducible constituent of Ress^ nAr 9 9, so we have 
(Res^f nJV 9 ^,Res££unAr ^) > °- Since g ^ Lf]N, it follows by the Mackey formula that 
(ip, Res^ n jv Ind^ nA r ip) > 1, whence ((f), (j>) = (Ind^ nAr ip, lnd^ nN V') > 1, a contradiction. 

Having proved (|5.12p . we see immediately that Ind^ maps Irr(L|^) into Irr(G|0) and 
that this map is injective. To prove that it is also surjective, suppose that x £ Irr(G|</>). 
Then ip is a constituent of Res^ nAr X, so there exists a constituent of Res^ % such that 
G Irr(L|^). Then % is a constituent of Ind^ 9. However, by (|5.12p . Ind^ 9 is irreducible, 
whence x = Ind^ This completes the proof. □ 

Lemma 5.15. Let G be a subgroup of S w that acts transitively on [l,w]. Let B be a normal 
subgroup of a group A. Then 

N AlG (B I G) n A xw = B xw ■ AA, 
where AA = {(x, ... ,x) G A xw | x G A}. 

Proof. Since AA centralises G, we have B xw ■ AA < N A} q(B I G) D A xw . Conversely, suppose 
that (xi, . . . , x w ) G A xw normalises B I G. Then for each a G G we have 

B I G 3 (x±, . . . , x w ) ■ o~ ■ [x-y , • • • , x w ) = (xix^i^, . . . , x w x^_ ir w y c). 

Since G is transitive on we deduce that Xixj 1 G B for all i, j G [l,w]. Therefore, 

( Xl ,...,x w ) G B xw ■ AA. □ 

Proposition 5.16. Let G = N Sp (C p ) I N Sw (Q) < S p lS w and H = N G (P). Then the pair 
(G,H) satisfies the property (LRC-Syl). 

Proof. Let M = N Sp {C p ) xw be the base subgroup of G and U = M n H. Let Oi, . . . , O r be 
the orbits of the action of Q on [l,io]. It follows from Clifford theory that if x G ^- IT p'(G), then 
X G Irr p '(G|0) for some (j) G Iny(M) such that |G : is prime to p, whence Q < Stabs w (4>). 

Then <f> is of the form (ft = 111= i a*' '' for some ck, G Irr(iVg (Cp)) (that is, the factors of (p 
corresponding to any two points of [l,u>] lying in the same Q-orbit must be the same). 

Let A be the set of characters <f> of this form and B be a set of representatives of G-orbits 
on A, so that Irr p /(G) = U^gg lTT p /(G\(f>). The proof will proceed as follows. For each (j) £ A 
we will define a character (j)' G Irr(J7), and we will show that 

Ir V (ir) = y Rv W)- (5-13) 

<t>&B 

For each G B we will construct an IRC-compliant signed bijection i^: ± Irr p '(G|(/>) — )• 
±Irr p /(iT|0'). This will suffice, for by combining such bijections for all <f> G B one obtains an 
IRC-compliant signed bijection from ±Iny(G) onto ±Iri p i(H). 

For each % G [1, r] let Mj be the subgroup of M that is the direct product of the \0{\ factors 
Ns p (C p ) corresponding to the orbit Oi, so that M = 111= i Denoting by Qi the subgroup 
of Q consisting of the elements that fix [1, w] — Oi pointwise, we see that Q = IXJ=i Qi- Since 
H = N G (C P IQ), it is clear that U = l\ r i=1 f/» where Ui = Mi n H. 
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Fix i € [l,r]. For each subgroup A of Ns p (C p ) = C p x C p _i, write 

AA = {(x, . . . ,x) £ Mi \ x e A}. 

By Lemma f5. 151 U = C p • AC p _i (this product is semidirect). The subgroup A(C P x C p _i) 
of Ui has a normal complement, namely the subgroup 

Vi = {(xi,...,X| 0l |) E C p x| ° l1 | X!---x m = 1}. 

Let /3j be the inflation from Ui/Vi to Ui of the character on E Irr(C p x C p _i). Define <j)' = 
[11=1 ft £ Irr(C7). Since acts transitively on Oi, it is easy to see that Vi is contained in the 
derived subgroup of C p lQi, and hence Vi < [P, P]. Since P is normal in H, the kernel of every 
X € iTTp'(H) must contain [P, P] > Y\l=iVi, so X £ Irr p '(i7|^)') for some <f> £ A. Note that 
i?/C7 ~ G/M and both these groups may be identified with Ns w {Q) (indeed, the subgroup 
Ns w (Q) of 5 m normalises P). It is clear that the map cp \-t cp' is an iVs TO (Q)-equivariant 
bijection from A onto the set of irreducible characters of U with kernel containing I^Vi. 
Therefore, (]5. 13|) holds. 

Now fix 4> = nLi^' ' 1 6 B - i1: 

remains to prove the existence of an IRC-compliant 
signed bijection as above. We begin by showing this in two special cases, from which we 
will then deduce the general result. Note that Irr(C p x C p _i) consists of p — 1 linear characters 
with kernels containing C p and one non-linear character 7 of degree p — 1. 

First, assume that a\, . . . ,a r € lvr(Ns p (C p )) are all linear. For each i G [1,7"], 

R PS M . n x \°i\ - Tnftfi J°il - Tnffi „. - fl. 
ttes J7 j a i ~~ CA/V; i ~ ml Ui/Vi ~~ 

where the second equality holds because |Oj| = 1 mod p — 1 (as |Oj| is a power of p). Hence, 
</)' = Res^f <f), and it follows by Lemma I5.14( i) that Res^- restricts to a bijection between 
± Iny(Cr|0) and ±Irr p /(i? |</>). This bijection is clearly IRC-compliant, and so may be taken 
as F^. 

Secondly, assume that a± = ■ ■ ■ = a r = 7. Note that 7 = Ind c , Sp ^ C ' P ' 1 8 where 6 is any 
non-trivial linear character of C p . For a fixed z, writing t = \Oi\, we have 

Indg! ^" 1 xi = Indg^^-^Infg!/^ 5) = ^c^ l) 0^4^ xCp - l) 9) = ft, 

where C p l /Vi is identified with C p in the obvious way. Hence, 

a? = 7 xt = Ind^- 1 ^ 6** = Ind^- " ft- 

Op Op "ZAOp— 1 

It follows that 4> = Indff <f>' . Hence, by Lemma l5.14( ii). the map Ind^r restricts to a bijection 
from ±Irr p /(iJ|0') onto ±Irr p /(G|</>). By [12^ Theorem 1.4], the inverse of this bijection is 
IRC-compliant and therefore may be taken as F^. 

Finally, consider the case of arbitrary <p G A. Without loss of generality, a%, ... ,ai are 
linear and = • • • = ot r = 7. Let £l\ be the union of the subsets of S pw associated with the 
elements of u| =1 Oj of S w (each element u € [1, w] is associated with the subset \p(u — pu] 
of [l,pu;]). Let CI2 = [1,pH — Oi. For j = 1,2, let Gj be the group consisting of those 
elements of G that fix every point in [1 , pw] — Qj ; the subgroups H\ and H2 of H are defined 
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similarly. The decomposition = Oi U £l 2 leads to the factorisations eft = <j}\ x <p 2 and 

<j/ = (fri x (j)' 2 . By the facts proved in the previous two paragraphs, there exist IRC-compliant 
signed bijections F\ : ±Irr p /(Gi|$>i) — > ±Irr p >(Hi\4>' l ) and F 2 : ±irr p /(G2|^2) — > ± I TT p' (H2W2) ■ 
Therefore, by Lemma [5.12l there is an IRC-compliant signed bijection F: ±Irr„/(Gi xG 2 \(p) ~ > 

±lTT p ,{H 1 xH 2 \(t ) ') 

Now Ga, < G\ x G2, so by Clifford theory the map Ind§ lxG2 restricts to a bijection from 
Iny(Gi x G 2 \4>) onto In p /(G\(j)), and the corresponding statement holds for H. Therefore, 
the map Fa,: ± Iny(G|0) — > ± lrr p i(H\ (j)'), defined by 

^(Indg lxG2 ( X )) = Indg lxH2 F( X ), X G W^i X G 2 |0), (5.14) 

is a signed bijection. Since H/U ~ G/M, we have (Gi x G2) H = G. By the Mackey formula, 
for each \ £ Irr p /(Gi x G2I0), we have 

^(Indg lxG2 (x)) - Resg(Indg ixG2 X ) = Indg ixH2 (F( X ) - Res%*% %) 

€ Indg ixH2 (X(i7! x H 2 ,P,S(Gi x G 2 ,P,H l x tf 2 )). 

It is clear that «S(Gi x G 2 ,P,Ht x iJ 2 ) C S(G,P,H), whence 

Indf lXjFfa (Z(i?i x H 2 ,P,S(G! x G 2 ,P,#i x H 2 )) c 1(H, P,S(G, P, H)). 

Therefore, Fa, is IRC-compliant. □ 

Proof of Theorem \1.3[ Let /> be the p-core corresponding to b £ Bl(<S m ). Let e = |p| and w 
be the weight of b, so that m = pw + e. Let c be the block of S e corresponding to p, so that 
Irr(5 e ,c) = {\ p }. Write G = S pM , +e , L = S p I S w and H = N Spw (P). Note that P is a defect 
group of b and Nq(P) = H x S e . Further, it follows from Lemma [2.81 that the principal block 
is the only block of L with defect group P (for, by [25, Theorem 9.26], any block of L with 
defect group P must cover a block of S p w with defect group C p w ). Let d E B1(L x 5 e ) be 
the tensor product of this block of L with c. It follows also that the group H has only one 
block. So the block c of H x 5 e is the Brauer correspondent of b. 

Arguing by induction, we may assume that the theorem holds for all blocks of all groups 
S m ' with m' < m. By Corollary 15 .6\ the property (IRC-Syl) holds for the pair (L, Ns p (C p )lS w ). 
By the inductive hypothesis and Proposition EJ31 (IRC-Syl) holds for (Ns p (C p )lS w , Ns p (C p )l 
N Sw {Q)). By Proposition EH1 (IRC-Syl) holds for (N Sp (C p )lN Sw (Q), H). By these facts and 
Lemma 15.111 there exists an IRC-compliant signed bijection Flh- ±Iny(L) — > ±Iny(iT). 
We define a signed bijection Flh'- ± Irro(L x S e ,c) — > ±Ivvq(H x S e ,c) by Flh(j x X p ) = 
Flh(i) x X p f° r all 7 € ±Iny(L). This bijection satisfies 

F LH {9) = Resg* x %9 mod Z(HxS e ,P,S{LxS e ,P,HxS e )) V# € ± Irr (Lx S e , d), (5.15) 

where d is the unique block of L x S e with defect group P such that dc = d . 

Further, by Theorem l3.7l Proposition 13.101 and Theorem 14. 11 the map F PtWiP (see Eq. (13, 6j) ) 
restricts to a signed bijection from ±Irro(G, b) onto ±Irr„/(L) satisfying 

F Pl w, P (x) = Re4 PW *P Res Lx5 e X mod 1(L,P,S(G,P,L)). 
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Define a signed bijection F GL : ± Irr (G, b) -> ±Irr (L x S e ,d) by F G l(x) = F P)WiP (x) X X p - 
Due to the obvious identity 

Proj c Resg x5e £ = (Res? 1 " vf p Resf^ xSe ® (x p ) ^ G C(G), 

we have 

Fgl(x) = Proj c Resf x5e X mod X(L,P,S(G,P,L x 5 e )) (x"> Vx G ±Irr (G,6), (5.16) 

where (x p ) denotes the Z-span of x p ■ 

Let F = FlhFgl-, so that F: ± Irro(G, b) — > 1itq(H x S e ,c) is a signed bijection. Write 

5 = S(G, P,H x Se), and let x G ± Irr (G, 6). We claim that 

F( X ) - Proj c Resg xSe x G X(P x 5 e , P, S). (5.17) 

By [12, Proposition 2.11 (i)] , this claim is equivalent to the same statement with Proj c replaced 
by Projp. So the theorem will follow once we establish (|5,17p . 
We have F(x) - Proj c Resg xSe x = 6 + 6 where 

6 = F LH (F GL ( X )) - Res^ x x % F GL ( X ) and 
^ = Resjf x f e (F GL ( X ) - Proj c Resf x5e X )- 

(Here we use the obvious identity Res^ x g e Proj c Res^ x5 . e = Proj c Res^ x>Se .) By (|5.15p . £i G 
X{H x S e ,P, S). By ([516]), we have 

£ 2 G Res^(X(F,P,S(G,P,F x 5 e ))) $5 (x p )- 

Now S(G,P,L x S e ) C 5, so 

Res^(X(L,P,5(G,P,L x 5 e ))) C Res^(X(L, P, 5)) CZ(P,P,S), 

where the second containment follows from Lemma 15.101 (note that S D S(L, P, H)). Hence, 
£2 G I(H, P, S) <X> (x p )- That is, £2 belongs to the Z-span of virtual characters of the form 
Ind^ a where A < H satisfies A n P G Syl p (P) n S and a G C(-A)- Since the block c of S e 
has defect 0, we have x p G &(S e )- Hence, by Theorem 14. 9} x p hes in the Z-span of virtual 
characters of the form Ind£ e /3 where B < S e is a p'-subgroup and /3 € C(B). Thus, £2 is an 
integer linear combination of virtual characters of the form Ind^ x J e (a x /3) where A,B,a,/3 
are as above. But we have (A x B) n P = An P e Syl p (P) n S, so £ 2 G X(P x S e , P, 5). This 
completes the proof of (15. 17H and hence of Theorem 11.31 □ 

6 Uniqueness of the isometry 

Recall the subgroups K, s of C(S P I S w ) defined by (|3.3p . 

Proposition 6.1. Let p G N and w, e G Z>o- Suppose that XI1X2 G Irr(S pw , 0). 
(%> J /Xi ^ X2, i/ien Res s ^(xi - X2) $ >C w -i and Res 5 ^ Sw ( X i + X2) £ 
(ii) Res S s p J s Xii^w- 
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When p is prime, the following corollary is equivalent to the uniqueness statement of 
Theorem 11.44 due to Lemma 13. 11 



Corollary 6.2. Let the notation be as in Theorem \3. 1\ and suppose that e = 0. Then the 
map Fp tW ^ is the only signed bijection F from ± Irr(S pw , 0) onto ±Irr(S , p ! S w ) such that 

F( X ) = Res s P p 7s w X mod 

Proof. Let Fbea signed bijection satisfying the above congruence, and suppose that F(x) = 
F Pt w,0{9) for some x^ £ ±Irr(5 piu , 0). Then Res s p ™ s ^(x ~ &) G fcw-i, which implies, by 
Proposition ^. 11 that x = So F and F PtWt0 have the same inverses, and the result follows. □ 

We now prove Proposition 16.11 In order to do so, we use the standard correspondence 
between characters of symmetric groups and symmetric functions, which is briefly described 
below: the details may be found in [22, Chapter I]. Let R = © n >oC(S , n )- We endow R with 

a product * as follows: if % G C(S m ) and 9 G C(S n ), then X * = Ind S s 2 + x n Sn {x x Thus R 
becomes a graded commutative ring. 

Let Sym be the ring of symmetric functions with integer coefficients in variables xi, X2, 

There is a canonical ring isomorphism ch: R — > Sym (see \22\ §1.8]). If X/fi is any skew 
partition, then ch(x x ^) is the skew Schur function sx/^- 

We also use the complete symmetric functions h n defined in [221 Section 1.2]. It is well 
known that the functions h n , n E Z>o, are algebraically independent over Z and generate the 
ring Sym. We will use the following result, which is a special case of [21 Theorem 10. 

Lemma 6.3. The Schur functions s\, expressed as polynomials in ho, h%, h,2, ■ ■ ., are irre- 
ducible. 

We fix p 6 N and w > 0. If A is a partition, let g\ denote an (arbitrary) element of S\\\ of 
cycle type A. Let /: C(S pw , 0) — > C(S w -i) <g> C(S P ) be the map defined by 

/(£)(&*, 5/?) = £{g P aup)- 
We adopt the convention that x^^ = and sw^ = whenever A ~5 /i. 
Lemma 6.4. // A € V(pw), then 

f(x X ) = ^(A)E(-ir J - 1 Ind^ 5 ; Ari| s (x A Wx...x x ^) x ... xx A( P -i) )xx a + i,i--^ 

j=0 

Proof. It follows from the above definition (together with pL9l Eq. 2.4.16]) that 

fU X )= E shr p ( X A/ ^)x X ^ 



1 Lemma 16.31 is stated as Theorem 1 in |14) . but the proof in |14] appears to be incomplete (the formula for 
on p. 623 implicitly assumes that Afc_i > 1). 
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(cf. M4.1j) . Now shr p (A//i) = unless A D p \i (by Theorem 14. 16j) . By considering the abacus, 
we see that if \i G V(p) and A D p fi, then fi is a hook partition, i.e. fJ- = (j + 1, P -3 ' -1 ) for 
some j € [0,p — 1]. Write = (j + 1, for each j. Hence, 

p-i 

3=0 

By Theorem 14.161 

shr p ( X A ^) = ep(A/ ^) I nd j^ Aw| _^ ( X A (°) x ••• x X ^)/« x ••• x X ^). 

For each j we have e p {\/ ^) = e p {X)e p {^) = (— e p (A) as long as A D p yfl . The lemma 
follows from this equality together with the last two displayed equations. □ 

Proof of Proposition \6. 1[ Let A and \i be partitions of pw such that \i = X X an d X2 = X^ ■ 
Then A and /i have empty p-cores. By Theorem 14.161 shr p ( X A ) ^ 0, which means precisely 
that Resg^ xi ^ fc>w> so ((n|) holds. 

s 

To prove (jl]), suppose for contradiction that Res^™ Sm ( X i — 6X2) G ^w-i for some e € {±1}- 
Due to the definition of K, w -\ and Lemma \2.2\ this means precisely that f(xi) = e/(X2)- 
Considering the coefficient in X J ^ i n Lemma [6. 41 we see that there is a fixed e' G {±1} 

such that for all j G [0,p — 1] 

Ind??-i (x m x ••• x x Mj)/{l) x • • • x x^^ 1 )) 

J.li ^lAtlJI— 4y 

= e' Ind^-c 1 (x M(0) x ••• x y^W/W x ••• x X ' t(p - 1} ). 

Further, the fact that Res s P ^(xi — £X2) G K w means precisely that shr p (xi) = eshr p ( X 2) ; so 
by Theorem 14. 161 we have 

p— 1 p— 1 

Ind^ „ TT x A(i) = e Ind^ „ TT X Mi) 

i=0 i=0 

Applying the map ch to the above two displayed equalities, we obtain 

s A(o) s A(i) • • • s A(j)/(i) ' ' ' s \(p-i) = e %(o) s Mi) ' ' ' s Mi)/(i) ' ' ' s Mp-i) for a11 e ^ t 6 - 1 ) 

and 

s a(o) s a(i) • • • s x( P -i) = e^(o) s /Lt(i) • • • s m(p-i)- ( 6 - 2 ) 
By Eq. (|6.2|) and Lemma 16. 3| the tuple (A(0), . . . , \{p — 1)) is a permutation of the tuple 

(p(o),...,Mp-i)). 

Consider the linear order > on the set "P defined as follows: k > v if and only if either 
|«| > \v\ or |«| = \v\ and k is greater than v in the lexicographic order. Let ... ,i p ) be a 
permutation of [0,p — 1] such that X(h) > ■ • • > A(i p ). 

Since A 7^ we have A(i) 7^ for some I. Let r > be the smallest index such that 
A(i r ) 7^ m(v)- If > A(i r ), then fi(i r ) appears more times in the tuple (^(0), . . . , (i(p— 1)) 
than in the tuple (A(0),... ,X(p — 1)) (because A(^) = fJ,(it) for t < r), which cannot be 
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the case as these two tuples are permutations of each other. So fJ,(i r ) < X(i r ); in particular, 
X(i r ) 7^ 0. Let m be the multiplicity of the irreducible polynomial sxu r ), written in variables 
h , hi, . . ., in Sa(u) ' ' ' s \{i P ) (i- e - m 1S the largest nonnegative integer such that Sw^ ^ divides 
that product). Since the degree of SA(i r )/(i) m variables xi,X2, ... is one less than the degree 
of s\(i r ), the former polynomial is not divisble by the latter one (even when written in terms 
of ho, hi,...). Hence, the multiplicity of s A(ir) in s A(il) • • • s X ( ir )/(i) ■ ■ • s A(ip) is m - 1. On 
the other hand, by (|6.2p . the multiplicity of sx(i r ) in s^^) • • • s At (i p ) is m. Since s M (i r ) is not 
divisible by s X (i T ), the multiplicity of s X (i r ) in ■ ■ ■ s^ ir y^ ■ ■ ■ s^ ip ) must be at least m. 
We have reached a contradiction to (|6.ip (for j = r). □ 

Thus, we have completed the proof of Theorem 11.41 

7 Properties of the isometry 

Let p be a fixed prime. Let G and -ff be finite groups and p € C(G x H). The virtual character 
ji is called perfect ([H Definition 1.1]) if 

(i) ^( 5 ,/i)/|C G ( 5 )| G and ^(^/[(^//(/i)! € O for all g G G and h (E H; 

(ii) /^(<7, ft.) = if either g S Gy and h £ H — H p i or g € G — G p / and /i £ -£f p '. 

As in [2] (but using different conventions), define the maps 1^: CF(H;K) — > CF(G;K) and 
iV CF(G; K) -)■ CF(if; if) by 

W)C&) = and 

' ' h£H 

1 1 9£G 

Let G = S pw+e and H = S p I S w , and let p be a p-core of size e. The signed bijection 
F = Fp !W ^ of Theorem 13.71 corresponds to a certain fx € C(G x i/) (see Eq. (|7.ip below), and 
this virtual character \x is perfect if w < p by |27} Corollaire 2.12]. If w > p, this is not the 
case. However, in this section we prove Propositions 17.81 and 17.91 which show that analogues 
of some properties of perfect isometries hold for all w. 

More precisely, Proposition 17.81 proves the analogue of condition ([n]) above obtained by 
replacing H p i with a certain larger set H ( p > . This subset H ( p ) of H is defined in ^TTTJ where 
we describe a generalisation of modular character theory for wreath products such as H, 
considering values of characters on H^ p ) rather than on H p i. Proposition 17.91 shows that fi 
is well-behaved with respect to this generalisation, in the same way as perfect isometries are 
well-behaved in relation to the usual modular characters: cf. [4, Proposition 1.3]. We do not 
include a generalisation of condition (jij), which is harder to state. 

Remark 7.1. A generalised version of a perfect isometry defined by Kiilshammer, Olsson, 
and Robinson [20] is well suited to the present situation. In fact, it is possible to deduce from 
Proposition 17.61 and [201 Lemma 3.3] that F yields a perfect isometry between Irr(G, p) and 
Irr pr i(if) with respect to the subsets G p > and H^ p '^ in the sense of [201 Section 1]. Moreover, 
F is related to the isometry between Irr(G, p) and lii(C p lS w ) constructed in op. cit. (see [201 
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Proposition 5.11]). Gramain has obtained a similar result in the case when w < p but p is not 
necessarily a prime and one considers Ns p (C p ) I S w instead of S p I S w : see [161 Theorem 4.1]. 

In the case of abelian defect groups, perfect isometries between blocks are often viewed as 
character-theoretic shadows of derived equivalences at the level of module categories (see [I] 
and, for symmetric groups, [5j [6]). The question of whether there is a deeper phenomenon of 
some sort underpinning the isometry F when w > p seems to be very much open. 

7.1 Generalised Cartan— Brauer triangle for wreath products 

Let w E Z>o and L be a finite group. Consider the group H = L I S w . We construct an 
analogue of the modular character theory of H, which for w < p coincides with the standard 
theory of Brauer characters. In particular, Proposition 17.31 and Corollaries 17.41 and 17.51 below 
generalise classical results on modular characters (cf. [8, §18]). 

Define H ( p ) to be the set of all elements h E H such that h is //-conjugate to an element of 
the form y ai (xi) ■ ■ ■ ya r (x r ) where a\, . . . , a r are disjoint marked cycles in S w and x±, . . . ,x r G 
L p i. Let IBr(L) be the set of irreducible Brauer characters of L, so that each element of 
IBr(L) is a class function defined on L p i (i.e. a map from L p i to K that is constant on L- 
conjugacy classes). For ^ E PMap u ,(IBr(L)) we define an O-valued class function fa on 
if(p') by generalising (|2.2p in the obvious way. (Formally, let = ((</>', X* W ) I </> G IBr(L)) 
where <j)' is an arbitrary extension of ^ to a class function on the whole of L. Then fa is 
the restriction of fai to H^ p ).) We define the set GIBi(H) of "generalised irreducible Brauer 
characters" of H by 

GIBr(F) = {fa \ e PMapJIBr(L))}. 

If w < p, then GIBr(F) = IBr(F) by [HI Theorem 4.3.34]. 

For each <p E IBr(L) let be the character afforded by the projective indecomplosable 
OL-module corresponding to 4> (see e.g. [251 Chapter 2]). For \I/ E PMap„,(IBr(L)), define 

* = (&*(</>)) |0£lBr(L)). 

Since the characters vanish outside we have C§(M = for all h E H — H^ p "> (due 
to (12. lj) ). Where the context requires it, we view fa as a class function on all of H, setting it 
to beOoniJ--ff(P'). 

Lemma 7.2. Lei (f>,i(j E IBr(L) and A, G 7>(w). T/ien (C(</.,^)> C(^ jX m)} = <W<*A/i- 

Proof. Consider a E S w and let cr = a\ ■ ■ ■ a r be its decomposition into disjoint marked cycles 
with orders summing to w. Let X a be the preimage of a in L I S w . Consider the equivalence 
relation on X a defined by the rule that {z\, . . . , z w ; a) ~ y ai (x\) ■ ■ ■ y ar ( x r) (where Z{, Xj G L) 
if and only if Xj = Ztz^-i,^ ■ ■ ■ z -(o^.j-i) , where t is the smallest element of supp(<7j), for 

all j. Then the elements of each equivalence class are H -conjugate to each other (by [191 
Theorem 4.2.8]), and each equivalence class contains iLp -7 * elements. Hence, by (12.1D . 

i^r 1 E W)(^)W ) (^ 1 ) = 

= M^rry («t)x» y, ^o^r 1 ) • • • H^rMx; 1 ) = (^o~V(<r)x>)<w, 

x\,...,x r SL 



45 



where the last equality follows from the fact that ((ft, ip) = 5^ (see e.g. [25, Theorem 2.13]). 
The lemma follows after summing over all a G S w and using the standard orthogonality 
relation. □ 

Proposition 7.3. If$,^<E GlBv(H), then (C$, C<&> = <^*- 

Proof. Throughout the proof, (ft and ift are assumed to run over IBr(L). Let A = Yl^A^ and 
B = Yl^ be fixed Young subgroups of S w such that ~ S\^^\ and ~ 5|<i>(</>)| for all 
(ft. Let a G S w <H. Then °Ar\B = U^i^ ^ B i>)- It follows from Lemma that 

(Res^ A) ^,Res£ B C$>=0 

unless °A<£ fl -B^, = 1 for all (ft, ift such that (ft ^ ijj, in which case we have a A§ = B^ for all 
(ft. Assuming the last statement holds and applying Lemma 17.21 again, we see that the above 
inner product is unless <£(</>) = ^((ft) for all (ft, in which case it is equal to 1. The proposition 
now follows by the Mackey formula. □ 

If w < p, this proposition and the fact that GIBr(H) = IBr(i^) imply that is the 
character afforded by the projective indecomposable //-module corresponding to for 
each f G PMa Ptu (IBr(L)). 

Corollary 7.4. The set GIBt(H) is a basis of the space of K -valued class functions on H^- p '\ 

Proof. It follows immediately from Proposition 17.31 that the set GIBr(i/) is linearly indepen- 
dent over K. Also, it is clear that the number of .ff-conjugacy classes contained in H ( p ) is 
equal to PM&p w (X), where A is a set of size | IBr(L)|, and therefore is equal to | GIBv(H)\. 
The result follows. □ 

For any class function £ on H, let be the restriction of £ to the set H^- p '\ By 
Corollary 17. 4} for each 6 G Itt(H), we have 

{p ' } = £ d x *(* 

1>ePMa Pu ,(IBr(L)) 

for uniquely determined decomposition numbers d x -q> G K. 

Corollary 7.5. For every 9 G Ivv(H) and every G GIBi(H), we have d x q, = (^,C$)- I n 
particular, d x ^, G TL. 

Proof. We have 

(0)C§) = £ 4k*(C*'C$) = d x m 

C 4 >GGIBr(H) 

by Proposition 17.31 □ 
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7.2 Generalised properties of perfect isometries 

Let the notation be as in the beginning of Section [TJ in particular, G = S pw+e and H = S p lS w . 
Denote by f p the block of G corresponding to p and by 60 the principal block of H. The signed 
bijection F = F PtWj p extends to an isometry F: C(G,p) — > C(H,bo). Then F corresponds to 
the virtual character /x G C(G x H) defined by 

ii= E X><W)- (7-1) 
xeiw(G,p) 

That is, I^\c(H,b ) = 1 and R fi\c(G, P ) = F. Also, i? p (£) = and i p (6>) = for all £ <E 
CF(G, 1 — / p ; if) and # G CF(ii, 1 — &o; ^Q- (We note that, in fact, /2 = /i since all the values 
of ^ are integers.) 

If A G "P and |A| < define 

C X (G, p) = {£ G CF(G, / p ; if) I = for all g G G such that tp p ( 5 ) / A} and 
C x {H,b ) = {£ G CF(H,b ;K) \ £(h) = for all /i G F such that tPp T (h) A}. 

In what follows, we will use the notation of the proof of Theorem 13. 7\ in particular, the maps 
d x = and 5 X . 

Proposition 7.6. Let X be a partition with |A| < w. Then F(C X (G, p)) = C x (H,bo). 

Proof. Suppose that £ G C\(G,p). Let a be a partition such that \a\ < w and a / A. Then 
d a (0 = and, considering the right-hand square of the commutative diagram ()3.10j) . we see 
that 6 a (F(£)) = 0. Hence, G C x {H,b ). So F(£ x (G,p)) C £ x (H,b ). Since F is an 

isomorphism, we have equality for all A. □ 

If g G G, let be the product of all the cycles in the cycle decomposition of g that 
have orders divisible by p and g& ) be the product of the other cycles, so that g = g^g^ p ^ ■ 
If h G H, we may choose z G H such that z h = y ai (xi) ■ ■ ■ y ar {x r ) for some disjoint marked 
cycles di , . . . , a T in S w and x\, . . . , x r G Sp. Then we define h^ p •* = z (J| ■ y aj (xj)) where j 
runs over all the elements of [1, r] such that x r is not a p-cycle. In particular, h G if and 
only if h = h&'l 

Lemma 7.7. Let A £ P. //£ G CF(£r;if) vanishes on all g G G suc/i £/ia£ tpp(g) = A, i/ien 
so does Proj f p £. 

iYoo/. For each 6 G CF(G; if) let 9^ G CF(G; if) be defined by 



{x) (g) 



6(g) iftp p ( 5 )=A, 
otherwise. 



By \20\ Lemma 3.3], if 6 G Irr(G, p), then 6^ is orthogonal to Irr(G) — Irr(G, f p ), and hence 
0M G CF(G,/ P ;if). Therefore, (Proj /p (A) € CF(G,/ p ;if). Similarly, (Proj^ (A) G 
CF(G,1 - f p \K). Further, 

= £W = (Proj /p £)( A ) + (Proji^CO)^. 

Since CF(G, / p ; if) n CF(G, 1 - / p ; if) = 0, this implies that (Proj /p £)W = 0, as claimed. □ 
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Proposition 7.8. Let g G G and h G H. If tp p (g) / tp p r (h), then p(g, h) = 0. 

Proof. Let ^ G CF(G;iT) be the class function denned by £(</) = 1 if g' is G-conjugate 
to g and £(</) = otherwise. Let A = tp p (p). By Lemma [7.7| Proj_f (£)(x) = for all 
x G G with tp p (x) ^ A. This means that Projy £ € C\(G,p), whence by Proposition 17.61 we 
have i^(Proj /p £) G C x (H,b ). Since =V( Pr °j/ P 0, we deduce that R„(0(h) = 0. 

However, by the definition of £, we have = |G| _1 //(<7, /i). Hence, p(g,h) =0. □ 

Let ^ be the Z-span of characters of G afforded by the projective indecomposable 0G- 
modules belonging to the block f p . Let "H be the Z-span of the characters where Vl/ runs 
over the elements of PMap u ,(IBr(S , p )) such that ^(<j)) = whenever <p G IBr(5 p ) does not 
belong to the principal block of S p . (If w < p, then % is simply the span of characters afforded 
by the projective indecomposable modules belonging to the principal block of H.) 

Proposition 7.9. We have R^Q) = U. 

Proof. By a well-known general result (cf. [25, Corollary 2.17]), Q = &>(G) C\C(G,p) = 
C (G,p) nC(G). Let H' = C (H,b o ) nC(H). Since maps C (G,p) onto C (H,b o ) (by 
Proposition I7.6P and C(G,f p ) onto C(H,bo), we have R p {G) = H' ■ 

Therefore, it remains to prove that H = %' ■ Let £ G H; without loss of generality, C = C$ 
for an appropriate As we observed just before Lemma 17. 2\ vanishes outside H^ p '\ 
Further, it is easy to see (using Lemma |4.6|) that the above condition imposed on \& means 
that C$ G CF(H,b ;K). Hence, C$ G W . 

Conversely, suppose that £ G %' . Let cq be the principal block of S p . Then for each 
A G V(w) we have w A (£) G (&(S P ) n C(S p ,c )) & ^ . By Theorem S3 it follows that £ 
is a Z-linear combination of virtual characters of the form £e where runs through tuples 
((oci, Xi), • • • («r, Xr)) G Tup w (L) such that ati G C(S , p , co)n^(S'p) for each i. Each «j therefore 
belongs to the Z-span of the characters cj> with <f> G IBr(S , p ,co). Using Lemma [231 we deduce 
that every such £e lies in Therefore, £ G □ 

References 

[1] J.L. Alperin, The main problem of block theory. Proceedings of the Conference on Finite 
Groups (Univ. Utah, Park City, Utah, 1975), Academic Press, New York, 1976, pp. 341- 
356. 

[2] F. Barekat, V. Reiner, and S. van Willigenburg, Corrigendum to "Coincidences among 
skew Schur functions". Adv. Math. 220 (2009), no. 5, 1655-1656. 

[3] R. Brauer, Applications of induced characters. Amer. J. Math. 69 (1947), 709-716. 

[4] M. Broue, Isometries parfaites, types de blocs, categories derivees. Asterisque 181—182 
(1990), 61-92. 

[5] J. Chuang and R. Kessar, Symmetric groups, wreath products, Morita equivalences, 
and Broue's abelian defect group conjecture. Bull. London Math. Soc. 34 (2002), no. 2, 
174-184. 



48 



[6] J. Chuang and R. Rouquier, Derived equivalences for symmetric groups and s^- 
categorification. Ann. Math. (2) 167 (2008), 245-298. 

[7] J. Chuang and K.M. Tan, Filtrations in Rouquier blocks of symmetric groups and Schur 
algebras. Proc. London Math. Soc. (3) 86 (2003), no. 3, 685-706. 

[8] C.W. Curtis and I. Reiner, Methods of representation theory, vol. 1. John Wiley & Sons, 
New York, 1981. 

[9] C.W. Curtis and I. Reiner, Methods of representation theory, vol. 2. John Wiley & Sons, 
New York, 1987. 

[10] E.C. Dade, Counting characters in blocks. II. J. Reine Angew. Math. 448 (1994), 97-190. 

[11] M. Enguehard, Isometries parfaites entre blocs de groupes symetriques. Asterisque 181— 
182 (1990), 157-171. 

[12] A. Evseev, The McKay conjecture and Brauer's induction theorem. To appear in Proc. 
London Math. Soc. ArXiv:1009.1413. 

[13] H.K. Farahat, On the representations of the symmetric group. Proc. London Math. Soc. 
(3) 4 (1954), 303-316. 

[14] H.K. Farahat, On Schur functions. Proc. London Math. Soc. (3) 8 (1958), 621-630. 

[15] P. Fong, The Isaacs-Navarro conjecture for symmetric groups. J. Algebra 260 (2003), 
no. 1, 154-161. 

[16] J.-B. Gramain, On defect groups for generalized blocks of the symmetric group. J. London 
Math. Soc. (2) 78 (2008), 155-171. 

[17] I.M. Isaacs, Character theory of finite groups. Dover Publications, New York, 1994. 

[18] I.M. Isaacs and G. Navarro, New refinements of the McKay conjecture for arbitrary finite 
groups. Ann. Math. (2) 156 (2002), 333-344. 

[19] G.D. James and A. Kerber, The representation theory of the symmetric group. Addison- 
Wesley Publishing Co., Reading, Mass., 1981. 

[20] B. Kiilshammer, J.B. Olsson, and G.R. Robinson, Generalized blocks for symmetric 
groups. Invent. Math. 151 (2003), no. 3, 513-552. 

[21] I.G. Macdonald, On the degrees of the irreducible representations of symmetric groups. 
Bull. London Math. Soc. 3 (1971), 189-192. 

[22] I.G. Macdonald, Symmetric functions and Hall polynomials, 2nd ed. Oxford University 
Press, Oxford, 1995. 

[23] A. Marcus, On equivalences between blocks of group algebras: reduction to the simple 
components. J. Algebra 184 (1996), no. 2, 372-396. 

[24] R. Narasaki and K. Uno, Isometries and extra special Sylow groups of order p 3 . J. Algebra 
322 (2009), no. 6, 2027-2068. 



49 



[25] G. Navarro, Characters and blocks of finite groups. Cambridge University Press, Cam- 
bridge, 1998. 

[26] J.B. Olsson, McKay numbers and heights of characters. Math. Scand. 38 (1976), 25-42. 

[27] R. Rouquier, Isometries parfaites dans les blocs a defaut abelien des groupes symetriques 
et sporadiques. J. Algebra 168 (1994), 648-694. 

School of Mathematics, University of Birmingham, Edgbaston, Birmingham B15 2TT, UK 
a . evseevObham .ac.uk 



50 



